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Optimization of Total Power Consumed by Flying
Base Station Serving Mobile Users
Mohammadsaleh Nikooroo , Member, IEEE and Zdenek Becvar , Senior Member, IEEE

Abstract—The unmanned aerial vehicles (UAVs) acting as
flying base stations (FlyBSs) are considered as an efficient way to
enhance the capacity of mobile networks. The enhancement
provided by such network requires a dynamic positioning of the
FlyBSs with respect to the users demands on communication.
However, the power consumption of the FlyBS is a challenge due
to a limited capacity of the FlyBS’s power supply. In this paper,
we reduce a total power consumption of the FlyBS while a
required communication capacity is guaranteed to the mobile
users in every time instant of their movement. To this end, we
derive a closed-form solution for an optimization of the FlyBS’s
total power consumption in every single time step. Then, we
provide a numerical solution for the total power optimization
problem over a long period of the users’ movement. Via the
simulations, we show that the proposed scheme reduces the
overall power consumed by the FlyBS significantly (by up to
91%) comparing to existing solutions.
Index Terms—Flying base station, transmission power, propulsion power, mobile users, mobile networks, 6G.

I. INTRODUCTION

D

EPLOYMENT of unmanned aerial vehicles (UAVs) acting as flying base stations (FlyBSs) is a promising way to
address multiple concerns in wireless networks. Compared to
the conventional static base stations, the FlyBSs present exclusive advantages due to their high mobility that enables to
adapt the network topology to an environment as well as to
actual user requirements on communication. Such features
make the FlyBSs an efficient solution for various applications
including surveillance [1], offloading traffic from static base
stations (BSs) [2], emergency operations [3], extension of the
network coverage [4]–[8], collection of data from IoT devices [9], [10], or improvement in quality of service [11]–[13].
Key challenges regarding the FlyBS’s integration and
deployment in mobile networks include [14]: positioning of the
FlyBSs to maximize coverage, controlling the FlyBSs’ power
consumption to enhance their operational time [5], or maximizing the quality of service. The problem of the coverage
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maximization for the networks with a single FlyBS is studied,
e.g., in [4] and [7]. Then, in [8], the authors investigate an optimization of the number of required FlyBSs to guarantee the
quality of service to the users. In [15], an evolutionary-based
algorithm is adopted to maximize the satisfaction of the users
with the experienced data rates. In [11], the authors study the
uplink throughput maximization in a scenario with multipleantenna FlyBS. A throughput enhancement and a communication delay reduction by a dynamic control of the FlyBSs’ trajectories is addressed in [16]. Furthermore, in [17], the authors
minimize a delay for communication between the FlyBSs via
planning the FlyBSs’ trajectories. Then, the authors in [18]
address the problem of FlyBS’s positioning and user association for the FlyBSs acting as transparent relays to maximize
sum capacity of users. However, in all these papers, the power
consumption is not taken into account at all.
In [19], the problem of transmission power allocation is tackled to maximize an energy efficiency. However, the FlyBSs’
positioning is not considered and the FlyBSs only hover at fixed
points all the time. An efficient positioning of the FlyBSs considering the transmission power consumption is a scope of several
works with a variety of goals including maximization of the network throughput [20]–[24], maximization of the difference
between the profit in terms of the user capacity and the transmission cost [25], maximization of the number of covered users [26],
minimization of the outage probability [27], or maximization of
the users’ quality-of-experience (QoE) [28]. However, the propulsion power consumption due to the movement of the FlyBS
is not considered in any of [19]–[28].
Many works also address the problem of the FlyBS’s trajectory planning in a scenario with static users. In [29], the authors
minimize the total power consumption in the networks with a
fixed-wing FlyBS collecting/delivering data from/to one static
user. This work is then extended towards multiple static users
in [30]–[32]. Furthermore, the authors in [33] and [34] maximize the minimum data rate of the users served by FlyBSs,
However, in [29]–[34], the problem is defined as a planning of
the trajectories among the static users and an allocation of the
time for a sequential communication with each user and hovering in order to minimize the overall energy consumed by the
FlyBS. The problem addressed in these papers is an analogy of
the traveling salesman problem with a planning of the FlyBS
trajectory among fixed and a priory known positions of the
static users. The authors assume the users communicate
sequentially in a non-real time manner. Hence, these works are
suitable for delay-tolerant services and scenarios with static
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users (e.g., collection of data from sensors or power meters),
however, an extension towards mobile users requiring realtime services is not straightforward, if not impossible.
In addition to [29]–[34], several other related works, e.g.,
[35]- [41], are also focused on the power consumption of the
FlyBSs in different scenarios, where the users are static with
coordinates known in advance. Unfortunately, the solutions
proposed for the static users rely on a priori known and not
changing positions of the users. Thus, these solutions cannot
be applied to a dynamic scenario with moving users.
The problem of the propulsion and transmission power consumption in mobile networks is considered in [42], where the
FlyBS tracks a single moving target. However, the quality of
communication channel is not taken into account. Up to our
best knowledge, the problem of the power optimization for the
FlyBSs serving mobile users with a constraint on the quality
of service guarantee to the users has not been investigated in
the literature.
In this paper, we focus on the minimization of the total
power consumed by the rotary-wing FlyBS for the movement and for the communication while the minimum
required communication capacity is continuously guaranteed
to each mobile user in a real-time over the whole period of
the FlyBS’s operation. We propose a power saving scheme
adjusting the FlyBS’s position and the transmission power
over a sequence of time steps to serve the mobile users. Even
if we are aware of the fact that the transmission power consumption is usually lower than the propulsion power consumption for the FlyBSs, we still investigate both the
transmission and propulsion powers jointly, as neglecting
the transmission power would lead to a sub-optimal solution
in some cases. We provide a generic solution applicable to
any case disregarding whether the transmission power is
negligible or not.
The major contributions of this paper are summarized as
follows:
 The total power consumption is analytically expressed
for rotary-wing FlyBS as a function of the system
parameters including locations of the users and the
FlyBS and the minimum capacity required by the users.
 Then, we propose a single-point optimization scheme
(denoted as SPS) to minimize the total power consumed
by the FlyBS between two consecutive time steps. At
each time step, the bandwidth allocation and the position of the FlyBS for the next time step is determined.
For this case, we derive a closed-form solution expressing the next position of the FlyBS for arbitrary allocation of the bandwidth.
 We extend the SPS towards a multi-point optimization
scheme (referred to as MPS), as the SPS does not guarantee the optimum over a long time period. For the
MPS, we provide a numerical solution based on NelderMead Simplex algorithm considering a constraint on
the FlyBS’s speed.
 Furthermore, we extend the idea of the MPS towards
an enhanced MPS (EMPS) to further reduce the propulsion power consumption. The extension combines the

Fig. 1. System model with multiple mobile users deployed within coverage
area of the FlyBS.

aspects of both SPS and MPS via a sliding window to
continuously adjust the future positions of the FlyBS.
 As the above-mentioned solutions might lead to an
excessive transmission power of the FlyBS to fulfill the
constraints on the users’ required capacity, we further
enhance the proposed solution towards a more practical
case with the transmission power of the FlyBS considered. Then, we reformulate such a constrained problem
to be solvable numerically.
 By simulations, we show that our proposed solution
leads to a significant (up to 91%) improvement in the
total power consumption comparing to the state-of-theart methods.
Note that this paper is an extension of our prior works [43],
[44], where we have provided an initial analysis of the total
power optimization.
The rest of the paper is organized as follow. In Section II,
we present the system model. In Section III, the problem of
the power optimization via a determination of the FlyBS’s
position and the transmission power for the moving users is
formulated for a scenario with an unconstrained transmission
power to show a theoretical maximum performance. Besides,
we propose novel solutions for this problem in Section IV. In
Section V, we formulate the problem and we provide solution
for a practical power optimization in the scenario with a constrained transmission power. Then, in Section VI, we explain
the simulation scenario and models, in section VII we present
results and compare these with the performance of existing
solutions. Last section concludes the paper and outlines potential directions to the future research.
II. SYSTEM MODEL
We consider a rural scenario with n mobile users (e.g.,
vehicles) moving on a road or a highway as illustrated in
Fig. 1. In such scenario, the FlyBSs are a suitable solution to
provide temporary connectivity in case of a traffic jam or an
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accident [45], [46], when the users search for information
about the traffic situation and, hence, move rather slower than
in a common traffic situation. All n users in the area communicate directly with the FlyBS, as the communication capacity
of the conventional static base stations in the rural areas is usually not sufficient to serve many users in the traffic jam.
Let r ðtÞ ¼ ½XðtÞ; Y ðtÞ; HðtÞ denotes the location of the
FlyBS at the time t and ½xi ðtÞ; yi ðtÞ denotes the coordinates
of the i-th user at the time t. Then, di ðtÞ denotes Euclidean
distance of the i-th user to the FlyBS at the time t.
The channel capacity of the i-th user is calculated from the
Shannon–Hartley theorem as:


pR ðtÞ
(1)
Ci ðtÞ ¼ Bi ðtÞlog2 1 þ i
;
Ni
where Bi ðtÞ denotes the bandwidth of the i-th user’s channel,
Ni denotes the noise power at the channel of the i-th user, and
pR
i ðtÞ is the power received by the i-th user at the time t. In
case of additional interference at the receiver, the superimposed interference can be assumed to be of Gaussian distribution and, thus, its power can be incorporated into (and treated
as) the noise power [29], [48].
The transmission power of the FlyBS to the i-th user (pTi ) is
calculated according to the Friis’ transmission equation as:
g

pTi ¼

g
Qi di i

pR ð4pfc Þg i di i
¼ T R i M
;
1 ~
Gi Gi cg i ðMþ1 hi þ Mþ1
hi Þ

pR
ð4pfc Þg i
i
M h þ 1 h~ Þ
GTi GR
cg i ðMþ1
i Mþ1 i
i

is substituted with Qi for the ease of pre-

sentation in later discussions. Furthermore, despite high velocities of the users, an impact of Doppler shift is still marginal
and can be ignored, as the ratio of the relative speed between
the FlyBS and the users to the speed of light is very small.
From (2), we observe that the transmission power PTX consumed by the FlyBS is expressed as a function of the coordinates of the users and the FlyBS, i.e.,:
PTX ðX; Y; H; tk Þ ¼

n
X

g

Q i di i

¼

gi

Qi ððXðtk Þ  xi ðtk ÞÞ2 þ ðY ðtk Þ  yi ðtk ÞÞ2 þ H 2 ðtk ÞÞ 2 :

i¼1

(3)
Following (3), the average transmission power, denoted as
avg
PTX
, over the time span of ft1 ; . . . ; tT g is written as:
avg
PTX
ðt1 ; . . . ; tT Þ ¼
2

T X
n
1X

T

ðtÞ þ eM;x
ðtÞ;
xi ðtÞ ¼ xexact
i
i
ðtÞ þ eM;y
yi ðtÞ ¼ yexact
i ðtÞ;
i

g

Qi di i ¼

k¼1 i¼1
2

T X
n
1X

T

Qi

k¼1 i¼1
gi
2

ððXðtk Þ  xi ðtk ÞÞ þ ðY ðtk Þ  yi ðtk ÞÞ þ H ðtk ÞÞ : (4)
2

(5)

where xexact
ðtÞ and yexact
ðtÞ are the exact x and y coordinates
i
i
of the i-th user at the time t, respectively, and eM;x
ðtÞ and
i
eM;y
i ðtÞ are the positioning errors in x and y coordinates at the
time t, respectively. We further assume that the FlyBS can
determine its own position, as the knowledge of the FlyBS’s
position is needed for a common flying and navigation of the
FlyBSs [51].
In order to formulate the power spent for the FlyBS’s movement (propulsion power), we refer to the model provided
in [31] for rotary-wing FlyBSs. In particular, the propulsion
power is a function of the FlyBS’s average velocity V in the
following way:
Ppr ðV Þ ¼ L0

3 V2
1þ 2
Utip

!
þ Li

!12
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
V4
V2
1þ 4  2
4v0;h 2v0;h
1
þ d0 rsr AV 3 ;
2

(6)

where L0 and Li are the blade profile and induced powers
in hovering status, respectively, Utip denotes the tip speed
of the rotor blade, v0;h represents the mean rotor induced
velocity during hovering, d0 is the fuselage drag ratio, sr
is the rotor solidity, r is the air density, and A denotes the
rotor disc area. Interested readers can find more details
about the model in [31]. Note that we consider the setting
of parameters of the propulsion power model in line with
the FlyBS with physical specifications provided in [52] for
“DJI Spreading Wings S900” (see Table I in [31] and
Table I in [52]).
Note that the FlyBS’s average velocity is calculated by
dividing the distance moved between two points with the duration of the movement. In particular, if the FlyBS moves from
the position r ðtk Þ to the new position r ðtkþ1 Þ, the average
speed is determined as:
V ðtk ; tkþ1 Þ ¼

i¼1
n
X

As in many related works, we assume that the current positions of the users are known to the FlyBS (see, e.g., [4], [29],
[31], [49], [50]). However, in any realistic case, the positioning information is inaccurate and contains a positioning error.
Thus, the user’s position known to the FlyBS is given as:

(2)

where g i is the path-loss exponent between the FlyBS and the
i-th user, GTi and GR
i are the gains of the FlyBS’s and user’s
antennas, respectively, fc is the communication frequency,
c ¼ 3  108 m/s is the speed of light, M is the Rician fading
factor, hi is the line-of-sight (LoS) component satisfying
jhi j ¼ 1, and h~i denotes the non-line-of-sight (NLoS) component satisfying h~i  CNð0; 1Þ. Note that the coefficient
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1
jjrrðtkþ1 Þ  r ðtk Þjj;
Dtk

(7)

where Dtk ¼ tkþ1  tk .
Let us define the initial position of the FlyBS as ½Xðt0 Þ;
Y ðt0 Þ; Hðt0 Þ. Thus, the average propulsion power over the
time period of ft0 ; . . . ; tT g is written as:
avg
¼
Ppr

T 1
1X
Ppr ðV ðtk ; tkþ1 ÞÞ:
T k¼0

(8)

We jointly optimize both the transmission power and the
propulsion power as these are main parts of the total power
consumption of the FlyBS. Nevertheless, we also consider a
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TABLE I
SUMMARY OF PARAMETERS

(10) can be further expanded by simply plugging (7) into
(6), however, we do not show the expanded form to avoid
cluttering.
III. PROBLEM FORMULATION FOR UNCONSTRAINED
TRANSMISSION POWER
We formulate the problem of the total power consumption
minimization over the period of T time steps as:
min

r ðtk Þ;B
Bðtk Þ

avg
Ptot
; ð1  k  T Þ

s:t: Ci ðtk Þ  Ci min ; 8i 2 f1; . . .; ng; 8k; ðaÞ
Hmin ðXðtk Þ; Y ðtk ÞÞ  Hðtk Þ  Hmax ðXðtk Þ; Y ðtk ÞÞ;
jjrrðtkþ1 Þ  r ðtk Þjj  Vmax ðtkþ1  tk Þ: ðcÞ;
n
X
Bi  Btot ðdÞ;

ðbÞ

(11)

i¼1

power consumption of on-board circuits of the FlyBS (denoted
by Pcircuit ). Hence, the average overall power consumption
avg
Ptot
is written as:
avg
avg
avg
avg
ðrr; t0 ; t1 ; . . . ; tT Þ ¼ Pcircuit
þ PTX
þ Ppr
:
Ptot

(9)

Note that Pcircuit in (9) depends on the FlyBS’s computational
(processing) and communication chipsets, and can be regarded
as a constant [31].
avg
Inserting (4) and (8) into (9), we rewrite Ptot
as:
T 1
T X
n
1X
1X
Ppr ðV ðtk ; tkþ1 ÞÞ þ
Qi
T k¼0
T k¼1 i¼1

g i
2
 ðXðtk Þ  xi ðtk ÞÞ2 þ ðY ðtk Þ  yi ðtk ÞÞ2 þ H 2 ðtk Þ :

avg
avg
¼ Pcircuit
þ
Ptot

(10)

where Vmax is the FlyBS’s maximum speed and Btot is the
total available bandwidth that can be allocated by the FlyBS.
The constraint (a) in (11) guarantees that every user within the
coverage area receives the minimum required capacity
Cimin ; 8i 2 f1; . . . ; ngÞ at all time as the users move. Furthermore, the constraint (b) in (11) bounds the FlyBS’s movement
to the allowed altitude range of ½Hmin ðX; Y Þ; Hmax ðX; Y Þ at
every time step. The values of Hmin ðX; Y Þ and Hmax ðX; Y Þ
are determined based on the environment’s topology (e.g.,
obstacles, buildings, etc.) and/or flight regulations given by
local authorities in every country at each ½X; Y  position of
the FlyBS. Furthermore, the constraint (c) guarantees that the
FlyBS’s movement does not incur a speed larger than the maximum limit of Vmax , and the constraint (d) ensures that the
total allocated bandwidth does not exceed the maximum available bandwidth Btot .
For further elaboration and solution of the problem defined
in (15), we simplify the constraint on the minimum capacity
via the following proposition.
Proposition 1: The minimum transmission power in (11) is
achieved for Ci ðtÞ ¼ Ci min ; 8i 2 f1; . . .; ng; 8t.
Proof: From (1), the received power pR
i is rewritten as:
pR
i ðtÞ ¼ Ni ð2

Ci ðtÞ
Bi

 1Þ;

(12)

and, hence, the transmission power is formulated as:
Ci ðtÞ

pTi

¼

g
Qi di i

Ni ð2 Bi  1Þð4pfc Þg i
g
¼ T R
di i :
M
1 ~
g
i
Gi Gi c ðMþ1 hi þ Mþ1 hi Þ

(13)

From (13), we see that pTi is increasing with Ci for i ¼
1; . . .; n. Thus, the minimum transmission power is obtained
&
when Ci ðtÞ ¼ Cimin ð8i 2 f1; . . . ; ng; 8tÞ.
Proposition 1 implies that, in order to achieve the minimum
transmission power, the constraint (a) in (11) should be rewritten as Ci ðtÞ ¼ Cimin ð8i 2 f1; . . . ; ng; 8tÞ.
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iterations is reached in the proposed sequential optimization
of r ðtk Þ and Bðtk Þ.
B. Optimization of the Bandwidth Allocation
To optimize bandwidth, let us note that the problem in (11) is
convex with respect to B at any fixed position of the FlyBS.
Hence, at the given position of the FlyBS (i.e., r ðtk Þ), the convex subproblem of the bandwidth optimization is formulated as:
avg
min Ptot
; ð1  k  T Þ

B ðtk Þ

s:t: Ci ðtk Þ ¼ Ci min ; 8i 2 f1; . . .; ng; 8k;
n
X
Bi  Btot ; ðbÞ

ðaÞ
(14)

i¼1

Using Shannon’s formula, the constraint (a) in (14) is
rewritten as Bi ðtk Þ 

Cimin

pR

. Thus, the problem in (14) is

log 2 ð1þNi Þ
i

Fig. 2. Illustration of a high-level principle of all three proposed schemes for
single-point, multi-point, and enhanced multi-point optimizations of the total
power consumed by FlyBS.

IV. OPTIMIZATION OF POWER AND FLYBS POSITIONING AND
BANDWIDTH ALLOCATION
In this section, we introduce the proposed approach to solve
(11) via a successive optimization of the bandwidth allocation
and the FlyBS’s positioning. Then, we explain solution to the
subproblem of the bandwidth allocation at the given position
of the FlyBS. Afterwards, for the problem of the FlyBS’s positioning, we provide a high-level overview of the proposed solutions for the FlyBS positioning. Next, we derive a closedform solution of the problem for the first proposed solution
represented by the single-point optimization scheme SPS,
(i.e., for T ¼ 1). Next, we provide a numerical solution for the
multi-point optimization scheme MPS (T > 1), as deriving a
closed-form solution for this case is extremely difficult if not
impossible. Furthermore, we enhance the MPS towards EMPS
via a multi-point optimization with a sliding window to eliminate a problem with the power consumption discovered at the
end of the optimization period of T time steps.
A. Successive Optimization of the Bandwidth and the FlyBS’s
Positioning
A joint optimization of the FlyBS’s position and bandwidth
to solve (11) is difficult, as the total power consumption is a
non-convex problem with respect to the FlyBS’s position. To
tackle this issue, we propose a solution based on a successive
optimization of the bandwidth B and the FlyBS’s position. In
other words, we optimize the bandwidth allocation for a given
position of the FlyBS. Afterwards, a new position of the FlyBS
is found and we solve again the problem of bandwidth optimization at the updated position of the FlyBS. This process is
repeated until the changes in the derived r ðtk Þ and Bðtk Þ falls
below a given threshold, or until the maximum number of

convex with respect to B and we solve it using CVX which is
an efficient optimization tool for convex problems [53].
C. Optimization of the FlyBS’s Positioning
Next, for the optimal bandwidth allocation derived by CVX,
we reformulate the subproblem of the FlyBS’s positioning to:
avg
min Ptot
; ð1  k  T Þ
r ðtk Þ

s:t:

Ci ðtk Þ ¼ Ci min ; 8i 2 f1; . . .; ng; 8k;

ðaÞ

Hmin ðXðtk Þ; Y ðtk ÞÞ  Hðtk Þ  Hmax ðXðtk Þ; Y ðtk ÞÞ;
jjrrðtkþ1 Þ  r ðtk Þjj  Vmax ðtkþ1  tk Þ:

ðcÞ

ðbÞ
(15)

The solution to (15), i.e. finding the FlyBS position, is outlined
in next subsections.
D. Overview of the Proposed Solutions to the FlyBS’s
Positioning
Before going into details of individual proposed solutions,
we first provide a high-level illustration of all three proposed
schemes to outline key differences among them. Note that the
bandwidth allocation problem is solved in a similar way for
all the proposed solution as explained in the subsection IV-A.
According to Fig. 2, at each iteration of the optimization,
the proposed SPS calculates the FlyBS’s position only for a
given single time step, while the MPS and the EMPS determine multiple future positions of the FlyBS in several time
steps. In the MPS as well as in the EMPS, for each input
including a set of the expected locations of the users over next
T time steps, the future T positions of the FlyBS are determined. While the MPS navigates the FlyBS over all these
determined positions during the whole period of T and new
positions are determined again after T , the EMPS continuously updates all future positions exploiting new updated
inputs.
Details of individual proposed solutions are presented in the
following subsections.
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avg
avg
and an evaluation of Ptot
in these
the critical points for Ptot
critical points.
Theorem 1: The FlyBS’s optimum position at the time t1 is
derived as:
avg
½Xðt1 Þ; Y ðt1 Þ ¼ argmin Ptot
½X;Y ; X2X c

(17)

where X c ¼{X1c ; . . .; X5c } is the set of the x-coordinates of the
avg
critical points for Ptot
given by:
X1c ¼Xðt0 Þ;
A3
S
4A4
A3
þS
fX4c ; X5c g ¼
4A4
fX2c ; X3c g ¼

Fig. 3. Actual propulsion power and polynomial approximation vs. velocity
of rotary-wing FlyBS.

E. Single-Point Optimization of the Total Power
Consumption (T ¼ 1)

avg

@P

avg

@Ptot
@Y

avg
@Ptot

@X

¼ 0 and

¼ 0 by referring to the approximated expression. To this
end, we approximate the propulsion power in (6) by a polynomial of degree five with respect to V as:
apx
Ppr
ðV Þ ¼

5
X

ðY ðt1 Þ  Y ðt0 ÞÞ
P
P
ð n 2Qi ÞY ðt0 Þ  ð ni¼1 2Qi yi ðt1 ÞÞ
P
ðXðt1 Þ  Xðt0 ÞÞ;
¼ Pni¼1
ð i¼1 2Qi ÞXðt0 Þ  ð ni¼1 2Qi xi ðt1 ÞÞ
(19)
with the following substitutions adopted:
8A4 A2  3A23
A33  4A4 A3 A2 þ 8A24 A1
;
q
¼
;
8A24
8A34
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u

ﬃ
3 D þ
D21  4D30
t 1
1 2
1
D0
pþ
S¼
;
Gþ
;G ¼
2
3
3A4
2
G

p¼

avg

tot
¼ 0 and @Ytot ¼ 0
extremely complicated, as solving @X
together leads to calculating the roots of polynomials of
degree fourteen. Thus, we first find an approximation of

Ppr ðV Þ using polynomial fitting and then solve

(18)

and Y ðt1 Þ is determined as:

In this subsection, we derive closed-form solution to the
problem defined in (15) for T ¼ 1. Note that the solution is
derived for the FlyBS’s movement with no constraint on the
speed and at a fixed altitude. The motivation to consider a fixed
altitude is that, the available propulsion power consumption
model for rotary-wing FlyBSs (provided by [31]) considers
only a horizontal flight at a fixed altitude. However, we further
enhance the solution to variable altitude in subsection IV-F for
multi-point optimization. We also adopt g i ¼ 2 (see (13)) in
this subsection for simplicity of formulations and expressions,
nevertheless, the solution can be easily extended to any value
of g i and we generalize g i also in subsection IV-F.
To solve (15), first, we find the critical points at which the
avg
partial derivatives of Ptot
are equal to zero. A calculation of
the exact closed-form solution for Ppr ðV Þ defined in (6) is
@P

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
q
4S 2  2p þ ;
2
S
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
q
4S 2  2p  ;
2
S

c0 ¼ 215:6755; c1 ¼ 3:0695; c2 ¼ 2:5831; c3 ¼ 0:3497;

D1 ¼ 2A32  9A3 A2 A1 þ 27A23 A0 þ 27A21 A4  72A4 A2 A0 ;
A3 ¼ 20c5 M 3 Xðt0 Þ þ ð1ÞIg ð4c4 M 2 Þ;

A4 ¼ 5c5 M 3 ;

A2 ¼ 30c5 M 3 X 2 ðt0 Þ  12c4 M 2 Xðt0 Þ þ 3c3 M;
A1 ¼ 20c5 M 3 X 3 ðt0 Þ þ ð1ÞIg ð12c4 M 2 X 2 ðt0 ÞÞ
!
n
X
Ig
 6c3 MXðt0 Þ þ ð1Þ
2Qi þ 2c2 ;
i¼1

cj V j ;

j¼0

D0 ¼ A22  3A3 A1 þ 12A4 A0 ;

(16)

c4 ¼ 0:0064; c5 ¼ 7:5336  105 :

The propulsion power approximation coefficients cj in (16)
are calculated via the minimum mean-square-error (MSE).
The actual and approximated curves are shown in Fig. 3 to
demonstrate sufficient fitting of the approximated propulsion
power consumption model.
Using the approximation in (16), we calculate the critical
avg
points of Ptot
. The following Theorem 1 determines the optimum position of the FlyBS in closed-form via a derivation of

Ig

A0 ¼ 5c5 M X ðt0 Þ  ð1Þ ð4c4 M 2 X 3 ðt0 ÞÞ þ 3c3 MX 2 ðt0 Þ
!
n
X
c1
Ig
Ig
 ð1Þ ð2c2 Xðt0 ÞÞ þ  ð1Þ
2Qi xi ðt1 Þ ;
M
i¼1
!1
P
P
2
1
ð ni¼1 2Qi ÞY ðt0 Þ  ð ni¼1 2Qi yi ðt1 ÞÞ
Pn
M¼
;
1 þ Pn
Dtk
ð i¼1 2Qi ÞXðt0 Þ  ð i¼1 2Qi xi ðt1 ÞÞ
3

4

Ig ¼ 1fXðt1 Þ < Xðt0 Þg :

(20)

Proof. See Appendix A.
After the FlyBS moves to the new position derived via Theorem 1, the optimization is performed over ft1 ; t2 g to find
½Xðt2 Þ; Y ðt2 Þ; H, and so on and so forth.
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F. Multi-Point Optimization of the Total Power Consumption
(T > 1)
The single-point optimization in the previous subsection
minimizes the total power consumption over a duration of one
time step. Hence, the positioning of the FlyBS might be suboptimal in terms of the power consumption from the perspective of a longer operation of the FlyBSs. To tackle this problem we provide an extended solution by optimizing the total
power consumption over multiple time steps (T > 1).
Solving the FlyBS positioning, i.e., the problem defined in
(15), for multi-point optimization requires a determination of
3 T unknown variables in (10), namely Xðtk Þ, Y ðtk Þ, and
Hðtk Þ for 1  k  T , and so it is extremely difficult, if not
impossible, to derive a closed-form expression in general.
avg
Hence, we optimize Ptot
in (15) by providing a numerical
solution.
There are several known methods that are commonly used
to perform function optimization, such as descent algorithms
(Newton’s method, Broyden’s method, etc.), evolutionary
algorithms (genetic algorithms, simulated annealing, etc.), or
pattern search methods (Simplex, multidirectional search,
etc). The descent algorithms are typically fast in convergence,
however, compared to other numerical methods, they are
more likely to get stuck in local optima or even in minimax
points. In contrast, the pattern search methods are more reliable and find the global optima of the objective function.
Hence, in this paper, we adopt the pattern search methods to
solve our defined problem. More specifically, we exploit
Downhill Simplex Algorithm (also known as Nelder-Mead
avg
Simplex Algorithm) [54] to find the minimum value of Ptot
according to the objective formulated in (15). This algorithm
is based on a direct search in a multidimensional space with m
dimensions and a function comparison using simplex, which
is a polytope of m þ 1 vertices among m dimensions. The
simplex is updated based on the values obtained from reflection, expansion, contraction, and shrinkage operations on the
vertex at which the function reaches the largest value, and the
centroid of the remaining vertices.
The Nelder-Mead Simplex algorithm requires all the
unknown variables in the objective function to be unconstrained.
However, the constraints (b) and (c) in (15) explicitly bound the
coordinates of the FlyBS. To resolve this issue, we provide a
change of variables to guarantee that the constraints (b) and (c)
in (15) are automatically fulfilled and, hence, the constraints can
be removed from the problem in (15). To always guarantee the
constraints (b) and (c), we define the new variables %k , & k , and
tk so that:

Xðtkþ1 Þ ¼ Xðtk Þ þ Vmax ðtkþ1  tk Þcosð%kþ1 Þcosð& kþ1 Þ;
Y ðtkþ1 Þ ¼ Y ðtk Þ þ Vmax ðtkþ1  tk Þcosð%kþ1 Þsinð& kþ1 Þ;
Hðtkþ1 Þ ¼ minfHmin ðXðtkþ1 Þ; Y ðtkþ1 ÞÞþ
ðHmax ðXðtkþ1 Þ; Y ðtkþ1 ÞÞ  Hmin ðXðtkþ1 Þ; Y ðtkþ1 ÞÞÞ
sin2 ðtkþ1 Þ; maxfHðtk Þ þ Vmax ðtkþ1  tk Þsinð%kþ1 Þ;
Hmin ðXðtkþ1 Þ; Y ðtkþ1 ÞÞgg; (21)

2821

With the new defined variables %k , & k , and tk and knowing
that 0  sin2 ðtk Þ  1 all the time, it is concluded that:
Hmin ðXðtkþ1 Þ; Y ðtkþ1 ÞÞ  Hðtkþ1 Þ
 Hmin ðXðtkþ1 Þ; Y ðtkþ1 ÞÞ þ ðHmax ðXðtkþ1 Þ; Y ðtkþ1 ÞÞ
Hmin ðXðtkþ1 Þ; Y ðtkþ1 ÞÞÞsin2 ðt kþ1 Þ
 Hmin ðXðtkþ1 Þ; Y ðtkþ1 ÞÞ þ ðHmax ðXðtkþ1 Þ; Y ðtkþ1 ÞÞ
Hmin ðXðtkþ1 Þ; Y ðtkþ1 ÞÞÞ ¼ Hmax ðXðtkþ1 Þ; Y ðtkþ1 ÞÞ:

(22)

Thus, with the parameterization proposed in (21), the constraint (b) on the FlyBS’s altitude is fulfilled. Furthermore,
from (21), we also have
jjrrðtkþ1 Þ  r ðtk Þjj  jjVmax ðtkþ1  tk Þ
 ½cosð%kþ1 Þcosð& kþ1 Þ; cosð%kþ1 Þsinð& kþ1 Þ; sinð%kþ1 Þjj
¼ Vmax ðtkþ1  tk Þ:

(23)

Hence, the constraint (c) in (15) is also fulfilled, and the optimization problem in (15) can be reformulated as
avg
; ð1  k  T Þ
min Ptot

%k ;& k ;t k

s:t:

Ci ðtÞ ¼ Ci min ; 8i 2 f1; . . .; ng; 8t:

(24)

where the constraint in (24) is presented considering Proposition 1. Now we explain details of the proposed algorithm,
which is also summarized in Algorithm 1. In our setup, each
vertex of the simplex (denoted by Si ; 1  i  m) is an
m-dimensional point with m ¼ 3 T corresponding to the
sequence of %k , & k , and tk for 1  k  T , i.e.,
f%1 ; & 1 ; t1 ; . . .; %T ; & T ; tT g. The 3T þ 1 vertices of the simplex are selected by guessing an initial point as one of the vertices (denoted as Smþ1 ) and, then, generating each of the other
3 T vertices by changing the value at one dimension of the initial point. More specifically, for 1  i  m,

Smþ1 þ ki Smþ1;i ei Smþ1;i 6¼ 0;
Si ¼
(25)
Smþ1 þ i ei
otherwise,
where Smþ1;i denotes the i-th element of Smþ1 , and ei is the
m-dimensional unit vector with zero elements at all dimensions
except the i-th dimension, and i and ki are real coefficients that
adjusts the convergence of the algorithm. The values for i and
ki create the initial simplex, and choosing a larger i and ki leads
to a larger search space for the optimization and, hence, to a prolongation of the optimization process. Thus, we start with the
setting i ¼ 0 and ki ¼ 0 and, then, we gradually increase these
values and run the algorithm repeatedly until the found the solution does not change anymore. This indicates that the optimum
point is already enclosed by the initial simplex and, thus, a further increase in i and ki is not necessary [55].
From the definition of the simplex’s vertices, it is inferred
that the values of the vertices should be selected carefully to
achieve an efficient numerical optimization in terms of an
accuracy as well as a convergence time. The algorithm is terminated when the standard deviation of the corresponding
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Algorithm 1: 3-dimensional optimal positioning of the FlyBS.
Input: ½xi ðtk Þ; yi ðtk Þ, (1  i  n, 1  k  T ),
avg
Output: FlyBS’s position at tk ¼ argmin%k ;&k ;tk Ptot
; ð1  k  T Þ
sðAÞ: standard deviation of elements in set A
s 0 : standard deviation threshold for termination
Smþ1 : random initial guess for %k ; & k ; t k
Si (1  j  m): other simplex’s vertices calculated from (25)
avg
fðSi Þ: Ptot
at the FlyBS’s positions given by Si .
1: Sort and rearrange simplex’s vertices as fðS1 Þ  fðS2 Þ  . . .
 fðSmþ1 Þ.
2: while sðfðS1 Þ; fðS2 Þ; . . . ; fðSmþ1 ÞÞ > s 0 do
3:
S0 ¼ centroidfS1 ; . . .; Sm g
4:
if fðS1 Þ  fðSr Þ  fðSm Þ then Smþ1
Sr
5:
else Se ¼ S0 þ bðSr  S0 Þ
6:
end if
7:
if fðSe Þ  fðSr Þ then Smþ1
Se and go to step 23
8:
else Smþ1
Sr and go to step 23
9:
end if
10:
Sc ¼ S0 þ nðSmþ1  S0 Þ:
11:
if fðSc Þ  fðSmþ1 Þ then Smþ1
Sc and go to step 23
12:
else Si ¼ S1 þ dðSi  S1 Þ for 1  i  m þ 1 and go to
step 23
13:
end if
14:
Sort points so that fðS1 Þ  fðS2 Þ  . . .  fðSmþ1 Þ.
15: end while
16: Calculate Hðtk Þ from the updated t k in Smþ1 and (21)

avg
values of Ptot
at the updated simplex’s vertices fall below a
given threshold. In other words, when the vertices are close
enough to each other, the algorithm stops to save time. In our
setup, the value of threshold is set by trial and error considering the convergence time.
Also, the internal parameters specified in the algorithm,
such as reflection, expansion, contraction, and shrinkage
coefficients are tuned through trial and error and by considering both precision and convergence time, as there is no
deterministic approach to select the optimal values for
these coefficients. An option to determine the parameter’s
values is to exploit evolutionary algorithms, such as genetic
algorithms. However, these algorithms require a relatively
long time to find suitable values of parameters, and there is
still no guarantee that the derived values would be
optimal [56].
Another common approach, adopted also in our paper, is
to find the parameters’ values empirically and by testing the
performance of the algorithm for different values, as suggested in [57], where the authors provide an experimental
testbench for the choice of the parameters, and analyze the
performance of the Simplex. In line with [57], we find the
values of the parameters in the Simplex algorithm via an
evaluation of the algorithm’s performance for a variety of
the parameters’ values exploiting a knowledge of the
Simplex’s principle. Thus, we start from the default values
proposed in the original Nelder-Mead algorithm, i.e., 1.00,
2.00, 0.50, and 0.5 for the reflection, expansion, contraction,
and shrinkage parameters, respectively. Then, at each
time, we change one of those parameters by a specified

increment/decrement value, and check the corresponding
performance of the Simplex. According to the results presented in [57] and [58], the performance of the Simplex
starts degrading if the values of those parameters become
too large or too small. Hence, we do not need to check
every possible combination of different values of these
parameters and we choose an increment/decrement value of
0.05 for all Simplex’s parameters. We find the minimum
total power consumption of the FlyBS for the values of
0.87, 1.75, 0.46, and 0.45 of the reflection, expansion, contraction, and shrinkage parameters, respectively.
We note that, after the Simplex algorithm is applied to find
%k , & k , and tk for 1  k  T , we repeat the algorithm to find
%k , & k , and t k for T þ 1  k  2 T , and so on for the entire
operational time.
G. Enhanced Multi-Point Optimization of Transmission
Power and Position
From (11), it is inferred that the obtained positions of the
FlyBS at time steps t1 ; . . . ; tT guarantee the minimal power
consumption over the period of T time steps only, and if the
operational time of the FlyBS is longer than T time steps,
such solution might not be suitable due to the problem of
having a transition edge between two optimization periods.
More specifically, the location of the FlyBS at tT is considered as the end position of one optimization period
ft1 ; . . . ; tT g and also as the initial position of the FlyBS for
the next period ftT þ1 ; . . . ; t2 T g. Since (11) is solved for each
time period disregarding the next period, the transition
among the optimization periods at tT can potentially increase
the propulsion power consumption over ftT þ1 ; . . . ; t2 T g. This
can be solved by setting a long-enough T . However, performing the optimization over a larger T may not be useful
in realistic scenarios with erroneous prediction of the users
movement, as increasing T introduces a higher prediction
error in general.
In order to tackle this issue, we enhance the previous multipoint optimization scheme by a sliding window optimization
over multiple time points. To this end, we solve (11) over
ft1 ; . . . ; tT g, however, only the derived locations of the
FlyBS for the first TD time steps (i.e., t1 ; . . . ; tTD , where
TD < T ) are actually used and the rest is adjusted in the next
steps. Next, we solve (11) over ftTD þ1 ; . . . ; tTD þT g with the
initial position of the FlyBS as at tTD . Then, this optimization
is repeated when the FlyBS reaches tTD þ1 , thus, only the
derived locations of the FlyBS at time steps ftTD þ1 ; . . . ; t2TD g
are used. This process is repeated for the rest of the entire
operational time.
H. Summary of All Three Proposed Solutions
The basic principle of all three proposed schemes (SPS,
MPS, EMPS) is summarized in Fig. 4. For all proposed
schemes, the user’s coordinates represent the inputs to the
algorithm. The outputs are in a form of the FlyBS’s coordinates and the transmission power setting.
The SPS determines the FlyBS’s positioning and the transmission power allocation to each user at every time step tk in
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parameters of the mobile network should be set properly in
the same way as expected in any existing research work
dealing with a resource allocation and management in the
mobile networks (not limited to FlyBSs). If the system is
not globally set up properly (e.g., when a too narrow band
is available, user’s are guaranteed with too high capacity,
etc.), the constraint (d) in (26) might not hold even for the
optimum Xopt and Yopt at some time step(s). Thus, to solve
the practical problem with the transmission power constraint, we assume that the system level parameters including available bandwidth (Bi ) and antennas’ gains (GTi , GR
i )
are pre-set with respect to the environment so that the following condition is fulfilled:

min
r ðtk Þ

Fig. 4. Detailed principle of all three proposed schemes based on singlepoint optimization, multi-point optimization, and enhanced multi-point
optimization.

a single-time-step-input to single-time-step-output manner,
while the MPS and the EMPS provide positions and transmission power allocations for a whole period of T > 1 time steps
on a basis of multiple-time-step-input to multiple-time-stepoutput optimization. Furthermore, the MPS does not update
the calculated positions of the FlyBS in the previous optimization iteration, while the EMPS constantly adjusts later FlyBS’s
positions and transmission powers calculated in the previous
iterations.
V. POWER OPTIMIZATION WITH TRANSMISSION POWER
CONSTRAINTS
The presented solutions in the previous section show a theoretical achievable performance in the communication system
with unbounded transmission power. In real networks, however, the transmission power is limited by regulations or simply by capabilities of the physical equipment. Thus, in this
section, we focus on a realistic case with the limited transmission power of the FlyBS.
In case the transmission power is limited, the power optimization problem is enhanced with a new constraint as:
avg
min Ptot
; ð1  k  T Þ
r ðtk Þ

s:t: Ci ðtk Þ ¼ Ci min ; 8i 2 f1; . . .; ng; 8k; ðaÞ
Hmin ðXðtk Þ; Y ðtk ÞÞ  Hðtk Þ  Hmax ðXðtk Þ; Y ðtk ÞÞ; ðbÞ
jjrrðtkþ1 Þ  r ðtk Þjj  Vmax ðtkþ1  tk Þ: ðcÞ
max
PTX ðX; Y; H; tk Þ  PTX
; 8k 2 f1; . . .; T g ðdÞ (26)
where the equality in the constraint (a) corresponds to the
Proposition 1. To fulfill the constraint (d) in (26), global

n
X
i¼1

Cimin

1

Ni ð2 Bi Þð4pfc Þg i
g
max
di i  PTX
1 ~
R gi M
T
Gi Gi c ðMþ1 hi þ Mþ1 hi Þ

(27)

The solution adopted for MPS and EMPS (section IV-F and
IV-G) is based on Simplex algorithm. However, the Simplex
algorithm is not able to solve optimization problems with constraints on the optimization variables in the objective function.
In other words, we cannot apply the same solution directly to
(26), as if we expand the constraint (d) in (26) using (3), the
constraint contains unknown positions of the FlyBS in the following way:
n
X

gi

Qi ððXðtk Þ xi ðtk ÞÞ2 þ ðY ðtk Þ  yi ðtk ÞÞ2 þ H 2 ðtk ÞÞ 2

i¼1
max
 PTX
; 8k 2 f1; . . .; T g:

(28)

Furthermore, the constraint (b) in (26) also limits the
FlyBS’s altitude. Thus the Simplex algorithm cannot be
immediately applied to the current optimization setting in
(26). In order to address this issue, we propose a solution
based on the change of variables Xðtk Þ, Y ðtk Þ, and Hðtk Þ ð1 
k  T Þ to eliminate the constraints (b), (c), and (d) in (26) as
follow. We first consider the constraint (b) in (26). Suppose
that Hmax ðXðtk Þ; Y ðtk ÞÞ  HM . Then, by rewriting the transmission power in terms of the system parameters, the constraint (b) is fulfilled if:
n
X

gi

2
max
Qi ððXðtk Þ  xi ðtk ÞÞ2 þ ðY ðtk Þ  yi ðtk ÞÞ2 þ HM
ðtk ÞÞ 2  PTX

i¼1

(29)
Using the first-order Taylor approximation for ððXðtk Þ  xi
ðtk ÞÞ2 þ ðY ðtk Þ  yi ðtk ÞÞ2 Þ, the left-hand side in (29) is
rewritten as:
n
X



2

2

Qi ðXðtk Þ  xi ðtk ÞÞ þ ðY ðtk Þ  yi ðtk ÞÞ þ

i¼1

ﬃ A0 þ

X
n


Qi

2
HM
ðtk Þ

g i
2

ðXðtk Þ  X Þ2 þ ðY ðtk Þ  Y Þ2



i¼1

(30)

Authorized licensed use limited to: CZECH TECHNICAL UNIVERSITY. Downloaded on June 30,2022 at 13:52:13 UTC from IEEE Xplore. Restrictions apply.

2824

IEEE TRANSACTIONS ON NETWORK SCIENCE AND ENGINEERING, VOL. 9, NO. 4, JULY-AUGUST 2022

where
A0 ¼

n
X

gi

2
2
Qi ððHM
þ Li HM
VÞ 2 

i¼1

gi
2
L i HM
V
2

gi
gi
g
1
1
2
2
2
þ Li HM
VÞ 2 Þ þ i ðHM
þ Li HM
VÞ 2 ðx2i þ y2i Þ
2
!2
!2
Pn
Pn
i xi
i y i
i¼1
i¼1
Pn
Pn

;

i¼1 i
i¼1 i
Pn
Pn
i xi
 i yi
i¼1
X ¼ Pn
; Y ¼ Pi¼1
;
n

i¼1 i
i¼1 i

2
ðHM

gi

1

2
2
i ¼ Qi ðHM
þ L i HM
VÞ 2 ;
$
%
ðXðtk Þ  xi ðtk ÞÞ2 þ ðY ðtk Þ  yi ðtk ÞÞ2
Li ¼
:
2 V
HM

(31)

Note that the value V is an approximation parameter and
choosing a smaller V results in a smaller error in the approximation in (30). Using the approximation in (31), the inequality
in (29) is rewritten as:
ðXðtk Þ  X Þ2 þ ðY ðtk Þ  Y Þ2  z2 ;

(32)

1

P max A0 2

TX
where z ¼ ð P
n

i¼1

Qi

Þ . Next, with a consideration of (32) and

to also fulfill the constraints (c) and (d) in (26), we take a similar approach as in the solution to (15) and we define fk , ck ,
xk , vk , and k so that the following equations hold:
Xðtkþ1 Þ ¼ minfXðtk Þ þ Vmax ðtkþ1  tk Þcosðvk Þcosðk Þ;
X ðtkþ1 Þ þ zsinðfkþ1 Þcosðckþ1 Þg
Y ðtkþ1 Þ ¼ minfY ðtk Þ þ Vmax ðtkþ1  tk Þcosðvk Þsinðk Þ;
Y ðtkþ1 Þ þ zsinðfkþ1 Þsinðckþ1 Þg
Hðtkþ1 Þ ¼ minfHmin ðXðtkþ1 Þ; Y ðtkþ1 ÞÞ
þ ðHmax ðXðtkþ1 Þ; Y ðtkþ1 ÞÞ  Hmin ðXðtkþ1 Þ; Y ðtkþ1 ÞÞÞ
 sin2 ðxkþ1 Þ; maxfHðtk Þ þ Vmax ðtkþ1  tk Þ  sinðvkþ1 Þ;
Hmin ðXðtkþ1 Þ; Y ðtkþ1 ÞÞgg:
(33)
With the defined fk , ck , xk , vk , and k the constraints (b)(d) in (26) fulfill automatically and, thus, the problem of the
total power minimization is rewritten as:
min

fk ;ck ;xk ;vk ;k

s:t:

avg
Ptot
; ð1  k  T Þ

Ci ðtÞ ¼ Ci min ; 8i 2 f1; . . .; ng; 8t:

(34)

Similar to (15), the solution to optimization problem in (34)
is based on the Simplex method as elaborated in Section IV-F.
In general, an analysis of the computational complexity is
not possible for the Nelder-Mead Simplex, as it highly
depends on the objective function [65]. Nevertheless, we can
still derive the order of the computational complexity by
counting the total number of clock cycles taken for fixed-point
operations performed during the optimization. To this end, we
assume each multiplication of two numbers takes 3 clock
cycles and each addition takes 1 clock cycle [66]. Then, by

simulating the scenario for different number of time steps T in
the optimization and counting the total number of clock
cycles, it is observed that the computational complexity of the
proposed solution scales as OðT 3:2 Þ. Furthermore, an evaluation of the total power consumption in (10) is of a linear complexity with respect to the number of users (n). Hence, the
overall complexity of the proposed solution is OðnT 3:2 Þ.
VI. SIMULATION SCENARIO AND MODELS
In this section, we provide details of simulations and models
adopted to evaluate the performance of the proposed solution
minimizing the total power consumed by the FlyBS serving
mobile users. We also define competitive algorithms considered in simulations.
We consider a scenario with the FlyBS serving users represented by vehicles, for example, during a busy traffic or a traffic jam at a road or a highway. In such situation, the
conventional network is usually overloaded as plenty of active
users are located in a small rural area with a limited network
coverage. In such scenario, the FlyBS is a suitable solution to
improve the performance, see [45], [46]. The users are
assumed to move on a 3-lane highway in the positive direction
of y-axis. A wide range of velocities of the vehicles is considered (f2; 5; 10; 12; 15; 20; 25g m/s) to cover different traffic
situations corresponding to a traffic jam and/or a busy traffic.
Note that for higher speeds than 25 m/s, the typical FlyBS is
not efficient and cannot follow the vehicles’ movement, as
common rotary-wing UAVs can fly typically with a maximum
speed of about 25 m/s [52]. We assume that a length of the
crowd of vehicles served by the FlyBS in the traffic jam is 600
meters (i.e., the length of the line of the vehicles is 600 m).
As mentioned in Section II, the current positions of the
users are assumed to be known to the FlyBS. However, the
known positions contain a randomly distributed error of
eM;x
2 ½10; 10 m and eM;y
2 ½10; 10 m, see (5). Furtheri
i
more, the location of the users in future time slots are fully
unknown in general. There are many solutions for a prediction
of the user’s movement, see, e.g., [59]–[61]. As individual
prediction schemes reach different performances depending
on a scenario and an availability of additional information, the
evaluation of our proposal for any specific prediction would
lead to a validity of the results only for such specific scenario
and conditions of the predictor. Thus, we generalize the evaluation across different predictive models in the following way:
The next position of the users is extrapolated from the last two
previous positions of the user and this predicted position is
further influenced by an additional random error so that:
xi ðtÞ ¼ xi ð0Þ þ vxi ðtÞt þ ePr;x
ðtÞ;
i
ðtÞ;
yi ðtÞ ¼ yi ð0Þ þ ePr;y
i
where ePr;x
ðtÞ and ePr;y
ðtÞ denote the added error to the x and
i
i
y coordinates of the user i at the time t, respectively, and vxi ðtÞ
denotes the velocity of the user i in the direction of x-axis at
the time t. In our scenario, we consider the following model
for ePr;x
ðtÞ and ePr;y
ðtÞ
i
i
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TABLE II
PARAMETER FOR SIMULATIONS

jePr;x
ðtÞj  hvxi ðtÞt;
i
ðtÞj  WH ;
jePr;y
i
where WH denotes the highway’s width, and h is the error factor that indicates the extent of error incurred by the prediction.
Note that, although our proposed solution for the positioning
of the FlyBS is designed for 3D movement of the FlyBS, the
only suitable propulsion power consumption model of the
rotary-wing FlyBSs, see [31], only applies to a fixed altitude.
Thus, for the simulations, the FlyBS’s altitude is set to H ¼
100 m, and the optimization problems in (11) and (26) are
solved only for x and y coordinates of the FlyBS.
Table II shows the values of the system parameters adopted
in the simulations. For the wireless channel, we assume free
space path loss (FSPL) model, as the communication link
between the FlyBS and the users (vehicles) on a road is typically without any obstacles and the FSPL is a commonly
adopted model in such cases [23], [29], [38]. Omni-directional
antennas with gains of 7 dBi and 0 dBi for the FlyBS and the
users are considered, respectively, [62], [67]. We set spectral
density of noise to -174 dBm/Hz. The radio frequency fc ¼
2:6 GHz and a bandwidth of 100 MHz are selected. We consider the same minimum required capacity for all users, i.e.,
Ci min ¼ C min ; 8i 2 f1; . . .; ng and the simulations are performed for C min ¼ 5 Mbps and C min ¼ 10 Mbps.
To suppress randomness in the models, each simulation is
of 15 minutes duration with a step of 1 s and the results are
averaged out over 100 simulation drops.
To solve the problems by Simplex algorithm, we set ki ¼
0:05 and i ¼ 0:00025 to create the initial simplex from (25).
These values are selected with respect to the accuracy and the
termination time of the algorithm, as explained in Section IV-F.
For the initial simplex, we choose the points derived from
the closed-form solution for the single-point optimization as
elaborated in Section IV-F. The input used for this singlepoint optimization is the predicted location of the users calculated from (35).
We investigate five different schemes:
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i) Proposed multi-point optimization scheme (MPS) with
the location of FlyBS determined by the numerical optimizaavg
as elaborated in subsection IV-F;
tion of Ptot
ii) Enhanced MPS (EMPS) as elaborated in subsection IVG, with T ¼ 2 and TD ¼ 1, i.e., the optimization is done over
2 time steps, and it is iterated after each time step. Note that
the values for T and TD are selected experimentally;
iii) Single-point optimization scheme (SPS), where the
avg
locations of the FlyBS is determined by minimizing Ptot
for
T ¼1, as explained in subsection IV-E;
iv) Minimal TX power scheme (MTX), as outlined in [45]
and further exploited and elaborated in [34], [68], targeting
the transmission power minimization while the propulsion
power is ignored;
In addition to the above mentioned schemes, we also evaluate
the performance for the scenario with conventional static base
station (i.e., with no propulsion power consumption) to investigate benefits of the FlyBSs. However, based on the simulation
results, the conventional static base station leads to the average
transmission powers of 900 and 16 000 Watts for vi ¼ 10 m/s
and 25 m/s, respectively even for Cjmin ¼ 5 Mbps. These values
are multiple times larger than the average total power consumption of all other schemes. Thus, for the clarity of presentation of
the results, we do not show this scheme in the figures.
Note that up to our best knowledge, there is no other existing solution that targets the minimization of transmission and/
or propulsion power while the minimum capacity is guaranteed to the moving users.
VII. PERFORMANCE EVALUATION
In this section, we discuss simulation results. First, we illustrate an evolution of the transmission, propulsion, and total
power consumption over time for the proposed algorithms.
Then, we compare the performance of the proposed scheme
with existing state-of-the-art solutions in terms of the average
power consumption and we analyze an impact of an error in
prediction of the vehicles’ movement.
A. Evolution of Power Consumption Over Time
Figs. 5, 6, and 7 represent a sample of the transmission, propulsion, and total power consumption, respectively, over a
sample interval with a duration of 180 s. These figures show a
mutual cooperation of the transmission power control and the
selection of the position of the FlyBS. The figures show the
results for vi ¼ 10 m/s (subplot (a)) and vi ¼ 25 m/s (subplot
(b)). For the proposed MPS, the number of time steps in the
optimization is set to T ¼ 30, and Cj min ¼10 Mbps is
assumed for all schemes. Note that we break (collapse) the
y-axis in Figs. 6 and 7 to increase a separation of the plots for
all three proposed solutions (SPS, MPS, and EMPS) and to
demonstrate clearly the performance of individual solutions.
According to Fig. 5, the transmission power increases over
time for all the proposed solutions. This behavior is justified
by evaluating the changes in transmission and propulsion
powers with respect to the change in the FlyBS’s speed. More
specifically, assume that increasing the FlyBS’s speed by
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Fig. 5. Evolution of transmission power PTX over a sample of time for a)
vi ¼ 10 m/s and b) vi ¼ 25 m/s. h ¼ 0:5 is assumed for MPS and EMPS.

Fig. 6. Evolution of propulsion power Ppr over a sample of time for a) vi ¼
10 m/s and b) vi ¼ 25 m/s. h ¼ 0:5 is assumed for MPS and EMPS.

some dV > 0 causes an increase and a decrease in the propulsion and transmission powers by dPpr and dPTX , respectively.
According to (4), dPTX is directly proportional to C min as
well as to the relative distances between the FlyBS and the
users (di ), whereas dPpr is independent of the C min and di .
Now, let us have dPpr > dPTX for the considered dV . Then,
as a result, the FlyBS endeavors not to increase its speed by
more than or equal to dV in the proposed solutions. Consequently, the distance between the FlyBS’s position and the
center of gravity of the users might increase over time and,
this imposes an increase in the transmission power. If the distance between the FlyBS and the users becomes large enough
so that dPpr < dPTX , then the FlyBS would start increasing
its speed by more than dV to reduce the transmission power.
Furthermore, the increase in the transmission power over
time is higher when the difference between the FlyBS’s and the
users’ velocities is larger, as illustrated in Fig. 5 (bottom subplot in Fig. 5 shows about 6-times higher increase in PTX comparing to the top subplot). In contrast, the MTX scheme keeps
the FlyBS’s position at the center of gravity of the users

Fig. 7. Evolution of total power Ptot over a sample of time for a) vi ¼10 m/s
and b) 25 m/s. h ¼ 0:5 is assumed for MPS and EMPS.

disregarding the incurred propulsion power. Hence, the MTX
results in a significant increase in the propulsion power consumption (see Fig. 6) and, consequently, also in the total consumed power (Fig. 7). As shown in Fig. 6 (subplot (a)), all three
propose schemes (SPS, MPS, EMPS) reach similar propulsion
power for a low speed of vehicles. However, for higher speeds
of vehicles (subplot (b)), the differences among SPS, MPS, and
EMPS become more significant, as the propulsion power for
MPS undergoes rapid peaks at some time steps. The reason for
such peaks is that the MPS optimizes the total power consumption over T time steps by deriving the T locations of the FlyBS.
These locations are, however, not necessarily the optimal over
a longer period of operation. Therefore, after the T time steps,
the FlyBS can be in a suboptimal position and should fly a relatively long distance to reach the long-term optimum in order to
reduce the power for the next T time steps. In contrast, the
EMPS does not suffer from such sudden jumps in the propulsion power, as it iterates the optimization and adjusts the
FlyBS’s position and transmission power after each time step
while still considering long-term optimization perspective.
Fig. 7 confirms that the EMPS always outperforms both SPS
and MPS in terms of the total power consumption.
B. Impact of User’s Velocity
In this subsection, we investigate the impact of the users’
velocity on the average power consumption of the FlyBS over
a longer period of the operational time of the FlyBS. Figs. 8,
9, and 10 show the average transmission, propulsion, and total
power consumption, respectively. The results are shown for
the case with no limitation of the transmission power (left subplots) as well as for the case with the transmission power limited to 2 W (right subplots). The figures show the results for
C min ¼ 5 Mbps as well as C min ¼ 10 Mbps. The proposed
MPS is investigated for the number of time steps in the optimization T set to 10, 20, and 30.
First, we explain the results for the case with no transmission
power limit. According to Fig. 8, the average transmission
power increases with the users’ velocity. As discussed in the
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avg
Fig. 8. PTX
vs. user’s velocity for a) unconstrained transmission power and
max
¼ 2 W. h ¼ 0:5 is assumed for
b) constrained transmission power with PTX
MPS and EMPS.

avg
Fig. 9. Ppr
vs. user’s velocity for a) unconstrained transmission power and
max
¼ 2 W. h ¼ 0:5 is assumed for
b) constrained transmission power with PTX
MPS and EMPS.

description of Fig. 5, this is caused by the fact that for higher
velocities of users, the distance between the FlyBS and the center
of gravity of the users’ locations is higher on average, as the
FlyBS tends to fly approximately with the speed corresponding to
the minimum propulsion power for all the proposed solutions.
The FlyBS increases its speed time-to-time in order to reduce the
transmission power if the transmission power would be too high
with respect to the propulsion power. Clearly, for higher velocities
of the users, the FlyBS increases its speed more often and, hence,
the average propulsion power increases with the velocity of the
users, as illustrated in Fig. 9. In addition, Fig. 9 shows the advantage of the EMPS over the SPS and the MPS in controlling the
propulsion power via a continuous adjustment of the FlyBS’s
positions over time. Contrary to the proposed solutions, the MTX
leads to the situation when the FlyBS flies with the speed equal to
the users’ velocity to keep the transmission power at the lowest
level. This causes a relatively high propulsion power, especially
for a high velocity of the users. More specifically, at the velocity
of 25 m/s, the proposed EMPS, MPS, and SPS reduce the propulsion power by up to about 91%, 90%, and 90%, respectively,
comparing to the MTX. Note that roughly the same gains are
observed for both C min ¼ 5 Mbps and C min ¼ 10 Mbps.
Similar behavior and trends in the transmission and propulsion
powers are observed also for the case with the transmission power
constraint in Figs. 8 and 9 (right subplots). More specifically,

before the transmission power reaches the maximum allowed
value, the FlyBS keeps the propulsion power low while the transmission power is increasing. However, when the transmission
power reaches the maximum, the FlyBS is forced to increase the
speed in order to avoid getting too far from the center of gravity of
the users. Consequently, the propulsion power is increased to find
a position in which the capacity C min is guaranteed to all users.
The left subplot in Fig. 9 shows this increase in the average propulsion power compared with the right subplot, especially for
high speeds of the users and a high guaranteed C min . For higher
users’ required capacity, the transmission power becomes comparable to the propulsion power, and hence, the FlyBS increases its
velocity to avoid a large increase in the transmission power.
Note that the transmission power limit does not change the
results for MTX with respect to the case without the transmission power limit, as the MTX always achieves the minimum
max
, othertransmission power, which should be lower than PTX
wise the problem in (26) would have no solution. According
to Fig. 9, the proposed EMPS, MPS, and SPS reduce the propulsion power comparing to the MTX by 91%, 91%, and
89%, respectively, at the velocity of 25 m/s and for C min ¼ 5
Mbps. If C min ¼ 10 Mbps, the respective gains of EMPS,
MPS, and SPS comparing to the MTX are about 36%, 34%,
and 33%.
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Fig. 11. FlyBS’s trajectory. The start and end points of the movement are
marked by “” and “”.

avg
Fig. 10. Ppr
vs. user’s velocity for a) unconstrained transmission power and
max
¼ 2 W. h ¼ 0:5 is assumed for
b) constrained transmission power with PTX
MPS and EMPS.

The average total power consumption is investigated in
Fig. 10. The average total power consumed by the proposed
MPS for T ¼ 30 is lower than for T ¼ 10 and T ¼ 20. Note
that we have tested also the performance for larger values of T ,
but it has lead to no significant improvement in the performance
of MPS. Hence, the results for T > 30 are not included to keep
the figures clear. The reason that increasing T does not always
improve the performance is because a larger T also entails the
prediction over a longer period, thus, a higher prediction error
is incurred. Furthermore, increasing T can potentially increase
the magnitude of sudden peaks in the propulsion power. Fig. 10
shows that the lowest power consumption is achieved by the
EMPS. Comparing to the MPS, the EMPS allows a more frequent adjustment of the future positions of the FlyBS so that
the sudden peaks in the propulsion power are suppressed. In the
case of limited transmission power, the difference among the
proposed solutions becomes more obvious for a higher required
users’ capacity C min because of a higher gap between the users’
and FlyBS’s speeds, which allows the FlyBS to leverage an
increase in the transmission power for the benefit of a saving in
the propulsion power.
Fig. 10 further demonstrates that all proposed solutions outperform the MTX for all velocities. For the case of unconstrained transmission power at the velocity of 25 m/s, the
proposed EMPS, MPS, and SPS reduce the total power

avg
Fig. 12. Ptot
vs. the prediction error’s factor (h) for different schemes and
for a) vxi ¼ 25 m/s and b) vxi ¼ 15 m/s. C min ¼ 10 Mbps is assumed.

comparing to the MTX by 91%, 90%, and 89%, respectively,
if C min is set to 5 Mbps, and by 90%, 89%, and 87%, respectively, if C min is set to 10 Mbps. For the case of constrained
transmission power at the velocity of 25 m/s, the proposed
EMPS, MPS, and SPS lead to a reduction in the total power
consumption of about 90%, 89%, and 88%, respectively, with
respect to the MTX if C min is set to 5 Mbps, and about 16%,
13%, and 12%, respectively, if C min is set to 10 Mbps.
Next, Fig. 11 depicts the trajectory of the FlyBS for the cases
with and without constraint on the FlyBS’s transmission power.
For the constrained transmission power, the FlyBS’s displacements are relatively larger compared to the unconstrained transmission power, as the FlyBS has to keep the transmission power
below the maximum limit by moving to a favorable point even if
such a movement would incur a larger propulsion power.
C. Impact of Prediction Error
Last, we investigate the impact of the error due to a prediction of the vehicles’ movement (according to (35)) on the total
power consumption of the FlyBS in Fig. 12. The average total
power consumption increases for both MPS and EMPS with
the prediction error, because having more inaccurate parameters in a function leads to a calculation of more inaccurate
optimal values in general. We further see that, for any value
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of the error factor h (see (36)), the average total power consumption for MPS increases with T as the prediction error
increases with T as well. Furthermore, the EMPS shows a stable behavior and robustness against the prediction error comparing to the MPS, as the optimization is adjusted over time to
suppress the negative impact of the prediction error.
VIII. CONCLUSION
In this paper, we have studied the problem of power optimization in future wireless networks with the FlyBSs. Contrary to
existing papers, we optimize the total power consumed by the
FlyBS while guaranteeing the minimum communication capacity
to all users during their movement. We first provide the closedform solution determining the position and the transmission
power of the FlyBS for a realistic non-linear power consumption
model in the case of single-point optimization. Then, we develop
a numerical solution for the optimal positioning of the FlyBS and
setting of the FlyBS’s transmission power to minimize the total
power consumed by the FlyBS over a period with an arbitrary
duration (multi-point optimization). We show that the proposed
joint transmission power control and FlyBS’s movement allows a
significant reduction (up to 91%) in the total power consumed by
the FlyBS while the required capacity of the moving users is
always satisfied.
In the future, the scenario with multiple FlyBSs should be
studied. Regarding this, two key aspects that should be
addressed jointly are: i) association of the users to the FlyBSs
and ii) management of interference among the FlyBSs.
APPENDIX A
PROOF TO THEOREM 1
Proof.
avg
, we start
To find the FlyBS’s position that minimizes Ptot
avg
by finding the critical points for Ptot . First, it is noted that
½Xðt1 Þ; Y ðt1 Þ ¼ ½Xðt0 Þ; Y ðt0 Þ is one the critical points for
avg
Ptot
. Now we find the critical points where ½Xðt1 Þ; Y ðt1 Þ 6¼
apx
½Xðt0 Þ; Y ðt0 Þ. by using Ppr
in (16) and rewriting
avg

and

@Ptot
@Y

avg

@Ptot
@X

¼0

¼ 0 for the period of ft0 ; t1 g we get:
n
X

Pn
2Qi ðXðt1 Þ  xi ðt1 ÞÞ Xðt1 Þ  Xðt0 Þ
Pi¼1
¼
:
n
Y ðt1 Þ  Y ðt0 Þ
i¼1 2Qi ðY ðt1 Þ  yi ðt1 ÞÞ
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(38)

Equation (38) is further rewritten as:
P
P
ð ni¼1 2Qi ÞXðt1 Þ  ð ni¼1 2Qi xi ðt1 ÞÞ Xðt1 Þ  Xðt0 Þ
Pn
Pn
¼
:
ð i¼1 2Qi ÞY ðt1 Þ  ð i¼1 2Qi yi ðt1 ÞÞ Y ðt1 Þ  Y ðt0 Þ
(39)
Then, from (39), it is concluded that:
ðY ðt1 Þ  Y ðt0 ÞÞ ¼
Pn
P
ð i¼1 2Qi ÞY ðt0 Þ  ð ni¼1 2Qi yi ðt1 ÞÞ
Pn
Pn
ðXðt1 Þ  Xðt0 ÞÞ:
ð i¼1 2Qi ÞXðt0 Þ  ð i¼1 2Qi xi ðt1 ÞÞ
(40)
With (40), we can simplify the expression for V in (7) to:
V ¼ MjXðt1 Þ  Xðt0 Þj; M
P
P
1
ð n 2Qi ÞY ðt0 Þ  ð ni¼1 2Qi yi ðt1 ÞÞ 12
P
Þ : (41)
¼
ð1 þ Pni¼1
Dtk
ð i¼1 2Qi ÞXðt0 Þ  ð ni¼1 2Qi xi ðt1 ÞÞ
Now, by expanding the first equation in (37) using (16) and
(41), we get:
n
X

!
2Qi ÞXðt1



i¼1

n
X

!
2Qi xi ðt1 Þ

i¼1

Xðt1 Þ  Xðt0 Þ
Þð5c5 V 4 þ 4c4 V 3 þ 3c3 V 2 þ 2c2 V þ c1 Þ
¼ ð
MjXðt1 Þ  Xðt0 Þj
Xðt1 Þ  Xðt0 Þ
Þð5c5 M 4 jXðt1 Þ  Xðt0 Þj4
¼ ð
MjXðt1 Þ  Xðt0 Þj
þ 4c4 M 3 jXðt1 Þ  Xðt0 Þj3 þ 3c3 M 2 jXðt1 Þ  Xðt0 Þj2
þ 2c2 MjXðt1 Þ  Xðt0 Þj þ c1 Þ:

(42)
Equation (42) can be solved by considering two different
possibilities:
a) Xðt1 Þ > Xðt0 Þ (equivalently, jXðt1 Þ  Xðt0 Þj ¼
ðXðt1 Þ  Xðt0 ÞÞ: with this presumption (42) is rewritten as a
quartic equation with respect to Xðt1 Þ as follow
a4 X 4 ðt1 Þ þ a3 X 3 ðt1 Þ þ a2 X 2 ðt1 Þ þ a1 Xðt1 Þ þ a0 ¼ 0; (43)

2Qi ðXðt1 Þ  xi ðt1 ÞÞ

i¼1

Xðt Þ  Xðt Þ

1
0
:
¼ ðqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

ðXðt1 Þ  Xðt0 ÞÞ2 þ ðY ðt1 Þ  Y ðt0 ÞÞ2 Þ
n
X

apx
dPpr
;
j
dV V ¼V ðt0 ;t1 Þ

a4 ¼ 5c5 M 3 ;

2Qi ðY ðt1 Þ  yi ðt1 ÞÞ

i¼1

Y ðt Þ  Y ðt Þ

1
0
:
¼ ðqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2

2

ðXðt1 Þ  Xðt0 ÞÞ þ ðY ðt1 Þ  Y ðt0 ÞÞ Þ

apx
dPpr
:
j
dV V ¼V ðt0 ;t1 Þ

(37)
We derive an auxiliary equation from (37) that does not
dP

apx

where

include the complicated term of dVpr and helps to derive an
explicit relation between Xðt1 Þ and Y ðt1 Þ as:

a3 ¼ 20c5 M 3 Xðt0 Þ þ 4c4 M 2 ;

a2 ¼ 30c5 M 3 X 2 ðt0 Þ  12c4 M 2 Xðt0 Þ þ 3c3 M;
n
X
2Qi  20c5 M 3 X 3 ðt0 Þ þ 12c4 M 2 X 2 ðt0 Þ
a1 ¼
i¼1

 6c3 MXðt0 Þ þ 2c2 ;
a0 ¼ 5c5 M 3 X 4 ðt0 Þ  4c4 M 2 X 3 ðt0 Þ þ 3c3 MX 2 ðt0 Þ
n
X
c1
2Qi xi ðt1 ÞÞ:
 2c2 Xðt0 Þ þ  ð
M
i¼1
(44)
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There are four solutions to (43) that are given by:
a3
S
4a4
a3
þS
4a4

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
q
4S 2  2p þ ;
2
S
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
q
4S 2  2p  ;
2
S

(45)

where
8a4 a2  3a23
a3  4a4 a3 a2 þ 8a24 a1
;q ¼ 3
;
2
8a4
8a34
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃ D1 þ D21  4D30
1 2
1
D0
;
S¼
ðG þ Þ; G ¼ ½3
pþ
2
G
2
3
3a4
p¼

D0 ¼ a22  3a3 a1 þ 12a4 a0 ;
D1 ¼ 2a32  9a3 a2 a1 þ 27a23 a0 þ 27a21 a4  72a4 a2 a0 :

(46)
b) Xðt1 Þ < Xðt0 Þ: with this presumption, (42) is rewritten
as:
b4 X 4 ðt1 Þ þ b3 X 3 ðt1 Þ þ b2 X 2 ðt1 Þ þ b1 Xðt1 Þ þ b0 ¼ 0; (47)
where
b4 ¼ 5c5 M 3 ; b3 ¼ 20c5 M 3 Xðt0 Þ  4c4 M 2 ;
b2 ¼ 30c5 M 3 X 2 ðt0 Þ  12c4 M 2 Xðt0 Þ þ 3c3 M;
n
X
b1 ¼ 
2Qi  20c5 M 3 X 3 ðt0 Þ  12c4 M 2 X 2 ðt0 Þ
i¼1

 6c3 MXð0Þ  2c2 ; b0 ¼ 5c5 M 3 X 4 ðt0 Þ þ 4c4 M 2 X 3 ðt0 Þ
n
X
c1
2Qi xi ðt1 ÞÞ:
þ 3c3 MX 2 ðt0 Þ þ 2c2 Xðt0 Þ þ þ ð
M
i¼1

(48)
Similar to (43), there are four solutions to (47) that can be
derived by using the coefficients b0 ; :::; b4 instead of a0 ; :::; a4 ,
respectively.
Note that only the real roots of the quartic functions in (43)
and (47) are considered. Furthermore, the solutions to (43)
and (47) should meet their presumptive conditions Xðt1 Þ >
Xðt0 Þ and Xðt1 Þ < Xðt0 Þ, respectively. For each of the candidates for Xðt1 Þ, the corresponding value of Y ðt1 Þ is calcu&
lated from (40).
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