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Abstract— Device-to-device (D2D) relaying is a concept, where
some users relay data of cell-edge users (CUEs) experiencing a
bad channel quality to a base station. While this research topic
has received plenty of attention, a critical aspect of the D2D
relaying remains a selfish nature of the users and their limited
willingness to relay data for others. Thus, we propose a scheme
to identify potential candidates for the relaying and provide
a sound incentive to these relaying users (RUEs) to motivate
them helping other users. First, we provide a detailed theoretical
analysis showing when and if the relaying is beneficial for the
CUE(s) and related RUE. Second, to choose among all possible
incentive-compliant relaying options, we formulate the optimal
CUE-to-RUE matching problem maximizing a network-wide per-
formance. Since the optimal solution is hard to obtain for a high
number of users, we propose a low-complexity greedy algorithm
and prove its constant worst-case approximation guarantees to
the optimum. Finally, we derive a closed-form expression for a
fair allocation of the resources among the CUEs and the RUEs.
The proposed framework more than doubles the users’ capacity
and/or reduces the energy consumption by up to 87% comparing
to existing incentive-based relaying schemes.

Index Terms— Device-to-device, relaying, incentives, relay
selection, submodularity, worst-case guarantees.

I. INTRODUCTION

DEVICE-TO-DEVICE (D2D) communication is seen as
a way to increase the capacity and energy efficiency of

contemporary mobile networks by allowing a direct commu-
nication of two devices in proximity [1], [2]. The D2D com-
munication can be exploited also for various relaying purposes
[3], [4], such as: (i) relaying of data between two D2D users
(see, e.g., in [5]–[9]), (ii) extending a cell coverage so that
the user equipment (UE) out of coverage can communicate
with a base station (BS) via a relay UE (RUE) [10]), or (iii)
enhancing the capacity of the UEs with a low channel quality
to the BS if the UE is shadowed by an obstacle or located at
the cell edge.

A number of works targeting scenario with the relaying
of data from cell-edge UEs (CUEs) to the BS consider only
the relaying via the RUEs that are not transmitting/receiving
their own data at that moment. For example, the objective
in [11]–[14] is to enhance the capacity of the CUEs and
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the authors in [15] minimize the energy consumption of
the CUEs. All schemes considering inactive RUEs, however,
pose an important disadvantage to the RUEs, whose energy
consumption is increased in the process. Thus, the RUE has
no motivation to act as the relay due to the selfish nature of
most of the users. This observation gets even more aggravated
if the energy spent for a reception of data by the RUE from
the CUEs, neglected in the above works, is also considered.
The use of the active RUEs instead of the inactive ones
is assumed in [16], where the authors aim to minimize the
transmission energy of the RUEs and the CUEs via the
Hungarian algorithm. However, similar to [15], the reception
energy for relaying is not considered, hence, even this solution
may increase the overall energy consumption of the RUEs.

Although [11]–[16] show very promising gains introduced
by the D2D relaying, none of them targets a problem of
motivating the UEs to act as the RUEs and spend their own
energy for the relaying of data form other UEs. One way to
motivate the UEs to perform the relaying is considered in [17],
[18], where a token-based incentive mechanism is proposed.
In this concept, the UE that receives a help from any idle
RUE pays with a token to that RUE. The token can be used
by the RUE in the future when the RUE asks for the help itself.
A similar approach to the one with tokens is considered also in
[19]–[21], where the authors suggest a virtual currency-based
incentive mechanism. The RUEs are rewarded with a virtual
currency (or a credit) whenever they act as the relays. The
received currency is then used by the UEs to pay to other UEs
for the relaying services in the future. Other works motivate
the users to act as the relays by means of social-aware
incentives. In [22], the authors explore a social relationship
among the users and assume that close friends are more likely
to relay the data for each other. Along similar lines, in [23],
the authors propose contract theory-based incentives, where
the users prefer to help their friends rather than strangers.
An incentive mechanism for the relaying considering also an
energy efficiency is proposed in [24], where the relays are
rewarded with a longer transmission time, thus, reducing their
energy consumption.

A. Drawbacks of Existing Incentives Schemes

Although all incentive-based works significantly contributes
to the problem of the UEs’ motivation acting as the relay,
they still have following drawbacks. The token/currency-based
approaches [17]–[21] are plagued by two key shortcomings:
(i) it is hard to estimate if the potential future gain (from earn-
ing a token or some currency) outweighs the immediate energy
cost of the relaying; (ii) unless radio channel characteristics
and traffic demands are uniformly distributed among all UEs
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over time, the token-based mechanisms can lead to deadlocks.
The main drawback of the social-aware incentive approaches
[22], [23] is: (i) there may not be any available friends in
vicinity or (ii) the exploitation of only the friends for relaying
is usually far from the optimal in terms of the communication
capacity.

Moreover, none of the above-mentioned incentive-based
approaches addresses the problem of an increased energy
consumption of the RUEs. Although [24] tackles the energy
consumption, it neglects the additional energy required for
the data reception at the relay. However, the reception energy
eventually increases the overall energy consumption. Besides,
the works trying to incentivize the RUEs restricts the number
of CUEs exploiting each RUE to one, thus, fairly limits a
potential of the whole D2D relaying concept. On top of that,
these works either do not address a critical problem of the
relay selection ( [19], [21]) or no performance guarantees are
given for the proposed relay selection schemes ( [17], [18],
[20], [22]–[24]).

B. Contributions

Motivated by the drawbacks of the above-mentioned papers,
we propose a flexible incentive-based relaying framework
that guarantees immediate rewards for the RUE as well as
for all CUEs exploiting the RUE. The contributions can be
summarized as follows:

• We provide a detailed theoretical analysis showing when
and if the matching of one or more CUEs with the RUE
is beneficial in terms of the capacity, energy, or both.
While the CUEs benefit due to a superior relaying channel
quality, the RUE profits, as it can exploit a part of the
CUE(s) resources for its own transmission.

• We formulate an optimal CUE-to-RUE matching prob-
lem to determine the relaying groups maximizing the
network-wide performance. As the optimal solution is
hard to obtain for a high number of UEs, we also propose
a low-complexity greedy algorithm and we prove that
the proposed greedy approach has a constant worst-case
approximation guarantees to the optimum.

• We find a closed-form expression for the allocation of
resources among the UEs in the relaying group to ensure
a fairness among the CUEs and the RUE in terms of
absolute or relative gains.

This work is an extended version of our prior paper [25],
where we outline the general idea and indicate a perfor-
mance for the case with just one CUE relaying via single
RUE.

The rest of the paper is structured as follows. The next
section describes the system model. Section III outlines
the proposed incentive framework. A theoretical analysis on
a capacity gain and potential energy savings is given in
Section IV. Section V formulates an optimal CUE-to-RUE
matching problem, describes a low-complexity greedy algo-
rithm and discusses its submodularity properties. Section VI
gives closed-form expression for fair resource allocations of
all users within D2D relaying group. Section VII analyzes the
effectiveness of the proposed incentive framework. The last
section gives our conclusions.

Fig. 1. Example of system model for Urban scenario where: (i) UE1 transmits
data directly as a matching of UE1 with UE2 is not beneficial and (ii)
CUE1 and CUE2 selects to relay data via the RUE, thus creating D2D relaying
group.

II. SYSTEM MODEL

We consider an urban scenario with multiple cells and
multiple UEs, as shown in Fig. 1. Every UE is already
associated with a BS, and CUEs in the cell can only be paired
with the RUEs in the same cell.1 Hence, we can focus the
description of our scheme on a single cell, where interference
from nearby cells is included in the physical layer model,
as is common in other related works (see, e.g., [26]–[28]).
We focus on the uplink, where the energy consumption of the
UEs is critical. Although the proposed idea can be applied also
to downlink, it would require notable changes to the overall
concept and a novel solution that goes beyond the scope of
this paper. The BS serves N active UEs that are randomly
distributed in the cell. The UEs with favorable channels to the
BS can relay data of the CUEs. The CUE is defined as the
UE with a bad channel quality to the BS due to either its far
distance to the BS or an obstacle in the communication path.
Each CUE and its serving RUE, thus, create a D2D pair where
the CUE plays the role of a transmitter while the RUE act as
a receiver.

A. Physical Layer Model
The BS has a bandwidth B at its disposal. The bandwidth

is split into N orthogonal uplink channels so that each UE is
assigned with one channel of a bandwidth Bn. The signal to
interference plus noise ratio (SINR) between any transmitter
(i.e., UE, CUE, or RUE) and any receiver (RUE or BS) is
expressed as:

γt,r =
ptgt,r

Bn(σ0 + Is,r)
, (1)

where pt is the transmission power of the transmitter, gt,r

represents the channel gain between the transmitter and the
receiver, σ0 is the noise spectrum density per Hz, and Is,r is
the sum interference from the adjacent cells at the receiver.

B. Energy Consumption Model
A part of the proposed incentive mechanism is the energy

reduction at the side of the RUEs (and potentially at the
CUEs as well). The energy consumed by the UE due to

1We defer the problem of the user association to future work.
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the transmission/reception of data is derived according to
a well-established empirical model defined in [29]. In both
uplink (transmission) and downlink (reception), the power
consumption consists of the signal processing parts P bb

T and
P bb

R , the radio communication parts P rf
T and P rf

R , and a
consumption of the communication circuitry P on

T and P on
R .

The powers consumed by the transmission (PT ) and the
reception (PR) are, then, defined as:

PT = P bb
T + P rf

T + P on
T , (2)

PR = P bb
R + P rf

R + P on
R , (3)

where the exact values and the calculation of individual
parameters is in line with [29]. The total energy consumption
of the UE by the transmission/reception (in J) is then a sum
of both components weighed by the transmission time tT and
the reception time tR:

E = PT tT + PRtR. (4)

C. Assumptions
We adopt several assumptions and key distinctions of the

proposed scheme: (i) the RUEs are assumed to be active and,
thus, are expected to transmit their own data, in addition to
the CUE data to be relayed; this is not the case in most of the
related works, where only idle RUEs are considered, (ii) our
scheme allows for multiple CUEs to be attached to the same
RUE, provided that all CUEs and the RUEs can benefit from
the relaying (this is contrary to, e.g., [11]–[23]), (iii) the CUE
can use only one RUE at a time, although there might exist
cases, where using more than one RUE by some CUEs might
offer further benefits, this would come at a significant protocol
complexity and our preliminary analysis suggests the benefits
to be minimal, and (iv) we assume full knowledge of channel
state information (CSI) similarly as in number of the recent
studies (see, e.g., [30], [31]). Note that, there is no need to
exchange CSI among all transmitters to select an appropriate
relay for the CUEs in our proposal, as the potential RUEs
should be in a relative proximity to the CUEs. Thus, only a
relatively small subset of nearby UEs of the CUE should be
considered as a set of the potential relays for which CSI should
be known. Also, [32] shows that deep neural networks are able
to predict the channel between any two D2D users with a high
accuracy only from the users’ cellular channels (i.e., channels
from the user to the base station(s)). Such solution works even
for none line of sight communication and in a scenario with
dynamic objects (vehicles, etc.). Thus, the signaling cost is
significantly reduced down to a negligible level. Note that
the impact of an inaccurate CSI prediction can result in a
suboptimal selection of the relays for some of the CUEs
and to a subsequent degradation in the performance. Thus,
we analyze the impact of the inaccurate CSI in Section VII.

III. HIGH LEVEL OVERVIEW OF PROPOSED INCENTIVE

FRAMEWORK FOR D2D RELAYING

A motivation of the users relay data for others is a cru-
cial aspect of the D2D relaying concept. In our proposed
framework, any active UE that becomes the RUE can enjoy
immediate benefit in terms of: (i) an increase in the capacity,

Fig. 2. Example of channel allocation in case without relaying (left) and with
relaying (right). Figure highlights one reference D2D relaying group with one
RUE and M CUEs.

(ii) a decrease in the energy consumption, or (iii) a combina-
tion of both. Any of these three options is selected according to
the RUE’s personal preferences. Of course, the CUEs should
benefit from the relaying in the same way as the RUE.

The increased capacity or the decreased energy consumption
of the RUE is feasible by rendering a part of the radio
resources of the CUE to the RUE. This is illustrated in Fig. 2
for one potential RUE and M CUEs. Without relaying (left
part of Fig. 2), all UEs use orthogonal channels within each
time slot (ts). Via these channels, the data is sent directly to
the BS. Then, the baseline capacity of the i-th CUE (Ci) and
the candidate RUE (CR) without relaying during each time
slot is expressed as:

Ci = Bilog2

(
1 +

pigi,b

Bi (σ0 + Is,r)

)
ts, (5)

CR = BRlog2

(
1 +

prgr,b

BR (σ0 + Is,r)

)
ts, (6)

where Bi and BR are the bandwidths allocated initially by the
BS to the i-th CUE and the potential RUE, respectively, pi and
pr represent the transmission powers of the i-th CUE and the
RUE, respectively, gi,b stands for the channel gain between
the i-th CUE and the BS, and gr,b corresponds to the channel
gain between the RUE and the BS.

If the candidate RUE starts to actually relay data for the
CUEs, the resources of the CUEs and the RUE are aggregated
and accessed in a time division manner as shown in the
right part of Fig. 2. Note that if the relaying would be done
fully in a frequency division manner, the RUEs should be
able to receive and send data simultaneously. This would,
however, assume that the RUEs are able to work in full duplex,
while we assume only more practical half-duplex devices.
Also note that the whole proposed concept is seen rather as
OFDMA, where the transmissions of the UEs are separated in
both frequency and time (see the right part of Fig. 2, where
the D2D relaying groups work in the time division manner
while the D2D relaying groups are separated with respect to
each other and also to other UEs in the frequency division
manner).

For each D2D relaying group, the whole transmission
interval ts (e.g., a time slot) is split into three separated parts.
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The CUEs transmit their data to the RUE at the beginning
of each time slot, the CUE 1 during the slot tc1, the CUE
2 during the slot tc2, and so forth, one after the other. The
total duration of this part is tc =

∑M
i=1 tci. In the second part,

the RUE transmits (relays) the data of the CUEs. The data of
the i-th CUE is relayed during tri and other CUEs follows
again one after the other with the overall time duration equal
to tr =

∑M
i=1 tri. Finally, in the last part, the RUE transmits

its own data during tR. In the case of relaying, the capacity
of the i-th CUE (C∗

i ) and the RUE (C∗
R) is defined as:

C∗
i = Bslog2

(
1 +

pigi,r

Bs (σ0 + Is,r)

)
tci, (7)

C∗
R = Bslog2

(
1 +

prgr,b

Bs (σ0 + Is,r)

)(
ts −

M∑
i=1

(tci + tri)

)
,

(8)

where Bs = BR +
∑M

i=1 Bi is the aggregated channel
bandwidth of the D2D relaying group, and gi,r corresponds
to the channel gain between the i-th CUE and the RUE.

Obviously, the setting of tci, tri, and tR parameters influ-
ence the relaying gain experienced by the CUEs and the
RUE. To that end, we analyze when and if all involved
parties within the relaying group benefit from the relaying in
Section IV. Then, in Section V, we formulate the optimal group
formation and we propose the greedy approach leading to a
close-to-optimal performance. Finally, we derive closed-form
expressions for the fair allocation of resources within the
formed relaying groups in Section VI.

IV. ANALYSIS OF RELAYING GAIN

This section analyzes first when the relaying is profitable
for the RUE and the CUEs in terms of the capacity and, then,
it discuss a possible reduction in the energy consumption.

A. Capacity Gain

Taking (5)-(8) into mind, the relative gain of the i-th CUE
(αi) and the RUE (β), resulting from the appointment of the
RUE as the relay for the i-th CUE, is defined as:

αi =
C∗

i

Ci
=

K∗
i tci

Kits
, (9)

β =
C∗

R

CR
=

K∗
R

(
ts −

∑M
i=1(tci + tri)

)
KRts

. (10)

where Ki = Bilog2(1 + pigi,b

Bi(σ0+Is,r) ) and KR = BRlog2(1 +
prgr,b

BR(σ0+Is,r) ) for the i-th CUE and the RUE, respectively.
Moreover, the use of K∗

i and K∗
R refer to the case when the

relaying is applied, analogously as in (7) and (8).
For αi > 1, the i-th CUE benefits from the relaying.

Similarly, for β > 1, the RUE benefits from the relaying.
As a matter of fact, the relaying is of interest if it is mutually
beneficial for the CUEs and the RUE, i.e., if both αi > 1
(∀i ∈ M = {m1, m2, . . . , mM} and β > 1. However,
increasing αi (the relative gain for the i-th CUE) by extending
tci (the duration of D2D transmission) reduces β (the relative
gain for the RUE) and vice versa. In this respect, the following
lemma defines the condition for which all UEs within the D2D
relaying group benefit from the relaying.

Fig. 3. Illustrative example of the feasible operational regions of RUE and
CUEs, where all involved UEs benefits from relaying. Note that βmax and
αmax are achieved for α = 1 and β = 1, respectively.

Lemma 1: All M CUEs and the RUE in any D2D relaying
group benefit from the relaying in terms of capacity, if:

M∑
i=1

Ki

K∗
i

ts <
M∑
i=1

tci <
(K∗

R −KR)ts
K∗

R

−
M∑
i=1

tri, (11)

while tci > tmin
ci , ∀i ∈ M, where tmin

ci is the time allocation
interval for which the i-th CUE has the relative gain αi = 1.

Proof: See proof in Appendix A.1.
After tci is obtained for all CUEs according to Lemma 1,

tri and tR are derived as:

tri =
K∗

i

K∗
R

tci, ∀i ∈ M, (12)

tR = ts −
M∑
i=1

tci −
M∑
i=1

tri. (13)

It turns out that tmin
c (and respective allocation of the

time resources) also maximizes the total capacity of the given
D2D relaying group while assigning tmax

c minimizes the total
capacity. In this respect, we formulate the following lemma.

Lemma 2: The upper bound on the total capacity is
achieved for the case when each i-th CUE attached to the
RUE is allocated with tmin

ci , i.e., if tci = tmin
ci , ∀i ∈ M.

Contrary, if tc = tmax
c =

∑M
i=1 tmax

ci , the lower bound on the
total capacity improvement is achieved by the relaying.

Proof: See proof in Appendix A.2.
All the values of

∑M
i=1 tci in between the boundaries

defined by (11) do improve the total capacity of the D2D
relaying group. This is illustrated in Fig. 3, which shows a
feasible operational region (depending on allocation of tc),
where the RUE and the CUEs gain in terms of the capacity.

B. Energy Consumption Reduction

In practice though, we want to properly incentivize the
RUEs and the CUEs to form the relaying group as the relaying
itself can cost also an additional energy consumed by the
RUE. In fact, the energy consumption can be reduced by
a decrease in the transmission power. This option can be
attractive especially for the users who do not need to increase
their capacity (or only marginal increase is needed) while
prolonging a battery life-time of the UE is of more interest.
This inevitably reduces the capacity gain of the CUE/RUE
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obtained by the allocation of tci as described above. Thus,
we allow to decrease the transmission power at the cost of a
full or a partial reduction in the capacity gain obtained by the
relaying. Nonetheless, the capacity should not be decreased
below Ci or CR as the capacity of the UEs still should not
drop below their original respective capacities.

On the other hand, if the users do not care much about the
energy consumption (e.g., if the device is plugged in the elec-
tricity or if the device is fully charged), the transmission power
can be optionally increased to further enhance the capacity.
This option is feasible since the proposed allocation scheme
partly reduces the energy consumption simply by adopting the
relaying. Note that this is due to the fact that the transmission
time of the UEs is reduced by switching from the frequency
division manner to the time division (see Fig. 2). This optional
power “boost”, however, can be applied only if the following
conditions hold: (i) the constraint on the maximal allowed
transmission power (Pmax) is not violated and (ii) the energy
consumption of the UE in the case of relaying (E∗

R) is not
higher than the energy consumption before the relaying is
adopted (ER). Also note that only the RUEs are allowed to
increase their capacity by the power boost, since the power
boost of the CUEs capacity inevitably negatively affects the
gain of the RUE (i.e., tr1 would be increased and, thus, tR
would be decreased). The maximum capacity gain of the
RUE due to the boosting of the transmission power, while
above-mentioned constrains are fulfilled, is defined by the
following lemma.

Lemma 3: The maximum capacity gain of the RUE due to
the capacity boost is expressed as:

GB = Bslog2

(
Bs (σ0 + Is,0) + pB

r gr,b

Bs (σ0 + Is,0) + prgr,b

)
(ts − tc) , (14)

where pB
r represents the RUE’s boosted transmission power

calculated as pB
r = min(p∗r , Pmax), and p∗r is the transmission

power for which ER = E∗
R.

Proof: See proof in Appendix A.3.
Now, the feasible energy consumption reduction is directly

proportional to the transmission power of the UE and depends
on the limits within which the CUEs or the RUE can transmit.
Thus, the following lemma defines allowable range of any i-th
CUE and the RUE, respectively.

Lemma 4: The allowable range of the transmission power
of the i-th CUE and the RUE (considering also possible power
boost in case of the RUEs) are expressed as:

κi

(
2

Kits
Bstci − 1

)
≤ pi ≤ κi

(
2

ρGi+Kits
Bstci − 1

)
, (15)

κR

(
2

KRts+
�M

i=1 K∗
i tci

Bs(ts−�M
i=1 tci) − 1

)
pr

≤ κR

(
2

ρ(GR+GB)+KRts+
�M

i=1 K∗
i tci

Bs(ts−�M
i=1 tci) − 1

)
, (16)

where κi = Bs(σ0+Is,0)
gi,r

and κR = Bs(σ0+Is,0)
gr,b

, Gi = C∗
i −Ci

stands for the absolute gain of the i-th CUE, GR = C∗
R −

CR represents the absolute gain of the RUE, and λ = �0, 1�

Fig. 4. Illustrative example of the feasible transmission power regions for
the RUE and its impact on achieved capacity gain (left figure) and energy
consumption (right figure).

represents the parameter indicating a decrease in Gi and GR,
respectively.

Proof: See proof in Appendix A.4.
An illustrative example of the feasible region of the RUE’s

transmission power and its impact on the capacity gain and the
energy consumption is shown in Fig. 4 (note that the similar
figure applies for the CUEs as well, just without the power
boost). Fig. 4 shows that there is a trade-off between the
capacity gain and the energy consumption. If pr is decreased,
the energy consumption of the RUE is decreased while the
capacity gain due to relaying is lowered. If pr is increased,
the relaying capacity gain is increased at the cost of a higher
energy consumption.

V. INCENTIVE-ALIGNED RELAYING GROUPS FORMATION

So far, we have analyzed conditions when the UEs in the
D2D relaying group benefit from the relaying in terms of
the capacity enhancement and/or the reduction in the energy
consumption. For example, in the case of the capacity increase,
any i-th CUE can get matched with any RUE for which the
feasible region of tci, as defined in (11), is non-empty, since
both the RUE and the CUEs benefit. Given multiple RUE
options for each CUE and multiple CUEs that potentially
prefer the same RUE, an algorithm is needed to efficiently
select among the feasible CUE-RUE combinations.

To select an individual CUE-RUE pairs and, thus, create
individual D2D relaying groups, we define the matrix Gp of
the potential gains where Gp

i,j ∈ Gp is the capacity gain
introduced if the i-the UE would exploit the j-th UE as the
relay is expressed as:

Gp
i,j =

{
Gi + GR + GB, if Gi ≥ 0 and (GR + GB) ≥ 0
0, if Gi < 0 or (GR + GB) < 0

(17)

The capacity gain is composed of the absolute gain of the i-th
CUE (Gi), the absolute gain of the RUE (GR), and also of
the capacity boost set in line with Lemma 3 (GB). Note that
Gi is calculated as a difference between C∗

i and Ci and GR

is derived as a difference between C∗
R and CR as explained in

Lemma 4. Both Gi and GR depend on the allocation of the
transmission intervals for the CUEs (i.e., tci) and the RUE
(i.e., tri and tR). In this regard, tci is determined first
according to the expected gain of the i-th CUE (αi). For
example, in case of the upper bound, αi is set to 1 and tci

is calculated via (9). If tci is within the allowable interval
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guaranteeing benefit to both the CUE and the RUE (as defined
by Lemma 1), tri and tR are calculated according to (12)
and (13), respectively. The Gp

i,j is positive if both the CUE
and the RUE experience a non-negative capacity gain in case
of the relaying. If the CUE and/or RUE would experience a
negative capacity gain, Gp

i,j is set to 0. The diagonal values
of Gp are also set to 0 as the UE cannot act as its own relay.

Our objective is then to select the CUE-RUE pairs among
the feasible combinations of the CUEs and the RUEs, so as
to maximize the relaying gain and, consequently, also the sum
total capacity of the system. As the solution differs for the case
where just single CUE is allowed to be attached to each RUE
(i.e., if M = 1) and the case where multiple CUEs can exploit
the same relay (M > 1), we first focus on a single-CUE case.
Then, we contemplate necessary modifications to extend the
problem to the multi-CUE case.

A. Single-CUE Case

In single-CUE per RUE case, each CUE can use only one
RUE and, at the same time, each RUE can relay data only for
one CUE. Thus, the objective is formulated as:

maximize
xij

∑
i

∑
j

xijG
p
i,j

s.t. a)
∑

j

xij ≤ 1, ∀i

b)
∑

i

xij ≤ 1, ∀j (18)

where xij ∈ {0, 1} is the control variable indicating whether
the i-th CUE is matched with j-th RUE (xij = 1) or not
(xij = 0), the constraint a) ensures that each CUE attaches to
at most one RUE, and the constraint b) guarantees that each
RUE serves up to one CUE.

Due to a) and b) constraints, one-to-one matching prob-
lem should to be solved. While this is an integer program
(so, generally hard) it can, in fact, be optimally solved
using the Hungarian algorithm [33]. However, the Hungarian
algorithm is characterized by a relatively high complexity
(O(N3)). As a result, we show the performance achieved
by Hungarian algorithm as a benchmark and we propose
a low-complexity sub-optimal greedy algorithm with the
worst-case approximation guarantees to the optimal solution.

The selection of the relays by our greedy algorithm is
described in Algorithm 1. At the beginning, Gp

i,j ∈ Gp, ∀i, j ∈
{1, . . . , N} is calculated according to (17) as shown in line
1. Based on the Gp, the D2D pair for relaying is established
by the i-th CUE and the j-the RUE that yields the highest
capacity gain (lines 3, 4). In other words, indexes i and j
corresponding to the maximum gain in the whole Gp (over all
rows and all columns) defines the CUE and its selected RUE,
respectively. Then, the i-th row and j-th column in Gp matrix
containing the maximum value of the gain is set to zero to
ensure the constraints a) and b) in (18) (lines 5, 6). The whole
process is repeated (i.e., lines 2-7) until all values in Gp are
zeroed out.

The complexity of the proposed Algorithm 1 is in the worst
case O(N2logN). The reason is that Algorithm 1 initially
checks N2 entries in Gp, selects the one with the highest value,

Algorithm 1 Incentive-Aligned Relaying Groups Formation

1: Derive Gp
i,j ∈ Gp, ∀i, j ∈ {1, . . . , N}

2: while max(Gp
i,j) > 0 do

3: {i, j} ← max(Gp
i,j)

4: Create D2D pair from i-th CUE and j-th RUE
5: Set i-th row in Gp to 0
6: Set j-th column in Gp to 0
7: end while

and remove one row and one column from Gp. In the next
rounds, the algorithm respectively checks (N−1)2, (N−2)2,
and so on till 1 entry in Gp. Still, even for relatively small
numbers of the UEs (up to 100 UEs), the complexity of the
proposed greedy algorithm is significantly lower comparing
to the complexity of the Hungarian algorithm. Consequently,
Algorithm 1 offers a good trade-off between the complexity
and the performance, which is close-to-optimal, as demon-
strated, e.g., in [34], [35] and later in the simulations results.

The following theorem states that the greedy algorithm
(Algorithm 1) provides a worst-case approximation guarantee
to the optimal. Note that, in the simulation results, the greedy
algorithm actually performs much closer to the optimal.

Theorem 5: The optimization problem of (18) is monotone
submodular in the control variables xij , subject to an inter-
section of matroid constraints. As a result, the proposed
Algorithm 1 is guaranteed to provide a 1

3 approximation ratio
to the optimal.

Proof: See proof in Appendix B.1.

B. Multi-CUE Case
This subsection discusses the more general case when the

constrain b) in (18) is relaxed and multiple CUEs can exploit
the same RUE. Then, the problem in (18) is rewritten as:

maximize
xij

∑
i

∑
j

xijG
p
i,j

s.t. a)
∑

j

xij ≤ 1, ∀i (19)

Contrary to (18), (19) cannot be solved optimally by the
Hungarian algorithm, since this is a many-to-one matching
problem while the Hungarian algorithm is applicable only to
one-to-one matching problems. Moreover, the order in which
the CUEs are assigned to the RUE matters. The reason is that,
by selecting any i-th CUE to use the j-th RUE, the channel
bandwidth available for the j-th RUE is increased by adding
the channel bandwidth of the i-th CUE to this particular D2D
relaying group (see Fig. 2). This implies a need to recalculate
the remaining positive gains in the j-th column of Gp. Hence,
a different ordering in which the CUEs are added may result
in a different grouping and a different performance.

The optimal solution can be derived by the full search,
i.e., by trying all possible combinations of the matching of
the CUEs with the RUEs. The full search, however, checks

K!
(K−L)! possible combinations, where K is the number of
positive elements in the initially created Gp and L is the
number of CUEs that can initially be attached to at least one
RUE (i.e., the number of CUEs with at least one positive
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Algorithm 2 Optimal Algorithm for Multi-CUE case

1: Identify all positive Gp
i,j ∈ Gp that cannot be selected

together
2: Divide Gp into S sub-matrices
3: Check all combinations in each sub-matrix
4: Select the matching in each sub-matrix maximizing gain
5: Select the matching among all sub-matrices max. gain

entry in Gp). Unfortunately, there is no way to find the
optimal solution for higher number of UEs due to excessive
number of combinations to be checked. To this end, we out-
line a way that is able to notably decrease the number of
combinations to be checked while still obtaining the optimal
matching.

The optimal algorithm reducing the number of combi-
nations is described in the following five subsequent steps
(see Algorithm 2). First, all the positive entries in the Gp

matrix that cannot be selected together are identified. More
specifically, since the CUEs cannot exploit multiple number
of RUEs, at most only one positive entry in each i-th row
of Gp can be selected. Second, the matrix Gp is divided into
S sub-matrices in such a way that each sub-matrix contains
only the positive entries, which can be selected together. This
way we avoid checking the combinations that are not allowed.
Also, if there is only one positive entry in the i-th row, this
entry is included in each sub-matrix. In the third step, all
matching combinations in each created sub-matrix are checked
separately. Due to second step, each CUE can be matched with
just one RUE in each sub-matrix. Consequently, the matching
can be done separately also for each RUE (i.e., for each row in
each sub-matrix), since the matching of the CUEs to the RUE
affects only other CUEs that are already attached to (or to
be potentially attached) to the same RUE. Then, in the fourth
step, the matching combination yielding the highest gain is
selected for each sub-matrix. Finally, the matching yielding the
highest gain out of these matching combinations is selected.
Despite a reduced complexity of Algorithm 2 with respect to
the full search, the optimal solution still cannot be obtained for
a very high numbers of the UEs. Hence, we show the optimal
solution only for up to 24 UEs and propose an alternative
greedy low-complexity algorithm solving (19).

The greedy algorithm for the multi-CUE case is based on
Algorithm 1 proposed for the single-CUE case. Still, we need
to make a modification of line 6. Thus, instead of setting all
remaining positive entries in the j-th column in Gp to 0, these
are updated. More specifically, we recalculate potential gain
of any CUE with the positive entry in the j-th column. This
update is necessary, since the CUEs attached to the j-th RUE
(and the j-th RUE itself as well) exploit a wider channel
bandwidth containing individual bandwidths of each CUE
attached to the same RUE, as explained above. Consequently,
by matching any new CUE with this RUE, the potential gain
by adding yet another CUE to this particular D2D relaying
group is decreased as σ0 and Is,0 is increased with the use
of wider channel. Moreover, tci and tri of the CUEs already
matched with the j-th RUE are updated as well after the new

CUE is added to this D2D relaying group, together with the
transmission time of this particular RUE (tR).

The complexity of the modified Algorithm 1 for the
multi-CUE case is, in the worst case, O(N3+N2

2 ). The algo-
rithm goes first through N2 entries, selects the highest one,
and deletes the row. Then, the algorithm subsequently searches
over N(N − 1), N(N − 2), till N entries in Gp. Thus,
the complexity is derived as O(N2 +N(N −1)+ · · ·+N) =
O(N2 + N

∑N−1
i=1 i) = O(N3+N2)

2 ). Note that while the
greedy algorithm for the multi-CUE case can be solved in
a polynomial time, the optimal solution cannot be solved in
the polynomial time.

While the greedy algorithm for the multi-CUE case is
similar to the single-CUE one, the approximation guarantee(s)
it gives depend on some additional network parameters. In the
following results, we consider some important sub-cases.

Lemma 6: Assume that every UE has an equal bandwidth
B allocated, and a maximum of M CUEs per RUE is allowed.
Assume further that the initial Gp matrix contains only the
candidate CUE-RUE pairs for which Gp

i,j ≥ 0 if the CUE
and the RUE bandwidth is B and M · B, respectively. Then,
the modified greedy algorithm again achieves a 1

3 approxima-
tion.

Proof: See proof in Appendix B.2
Remark 1: We remind the reader that the initial matrix

Gp contains only candidate pairs who can benefit from the
relaying in a one-to-one situation (i.e., a positive gain from the
relaying can be achieved for both). The additional assumptions
in Lemma 6, hence, only refer to such pairs, and not any
CUE-RUE pair (whose channel can be arbitrarily bad), and
thus are satisfied in most scenarios.

Remark 2: Other approximation algorithms, besides the
greedy one, can be used for our optimization problem
(e.g., continuous relaxation and pipage rounding [36]). These,
however, give worse approximation guarantees for polymatroid
constraints, like the ones we have in our optimization problem
(i.e., 0.38

p approximation for p matroids [37]). Moreover, there
exists significant recent literature in the field of accelerated
greedy [38] or stochastic greedy schemes [39] that can further
improve the running time of basic greedy. We see as an
advantage of our analytical contribution that such improve-
ments are applicable. However, the actual investigation of such
refinements, we believe, is orthogonal to this work and beyond
the scope of the paper.

VI. DERIVATION OF FAIR RESOURCE ALLOCATION

In this section, we address a fair allocation of the communi-
cation resources within the same D2D relaying group (i.e., for
all CUEs connected to the same RUE). There is no requirement
on the fairness among different RUE groups (and neither
should be), which might even implement different fairness
policies to be agreed upon by the participants. This fairness is
achieved by an appropriate allocation of the resources during
the time slot among the CUEs and the RUE (i.e., by the
allocation of tci, tri, and tR).

We follow two common fair allocation principles, where the
CUEs and the RUE have either: (i) the same relative capacity
gain (this can be also interpreted as a proportional fairness)
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or (ii) the same absolute capacity gain. The following two
lemmas give closed-form expressions on the time allocation
for the CUEs (i.e., tci) resulting in the same relative and
absolute gains of all M CUEs and RUE within the same
relaying group.

Lemma 7: The same relative capacity gain for each mem-
ber of the D2D relaying group is achieved if:

tci =
K∗

1Ki

K1K∗
i

tc1, (20)

where tc1 is derived as:

tc1 =
K1K

∗
Rts

KRK∗
1 + K1(K∗

1 + K∗
R) + K∗

1K∗
R

(∑M
i=2(

Ki

K∗
i
+ Ki

K∗
R

)
) .

(21)

The (21) has a solution always if β is increased by creating
any i-th CUE-RUE pair, i.e., if the i-th CUE does not degrade
the capacity of the RUE for αi = 1.

Proof: See proof in Appendix C.1.
When tci is obtained for all CUEs relaying via the same

RUE as described above, tri with tR are derived according
to (12) and (13), respectively.

Lemma 8: The same absolute capacity gain for each mem-
ber of the D2D relaying group is achieved if:

tci =
K∗

1 tc1 −K1ts + Kits
K∗

i

. (22)

where tc1 is calculated as:

tc1 =

(
MK1 −KR + K∗

R + K∗
R

∑M
i=2(

K1−Ki

K∗
i
− Ki

K∗
R

)
)

ts

(M + 1)K∗
1 + K∗

R + K∗
1K∗

R

∑M
i=2

1
K∗

i

.

(23)

The (23) has a solution always if GR > 0 for the case when
Gi = 0, ∀i ∈M.

Proof: See proof in Appendix C.2.
When tci is obtained for all CUEs relaying via the same

RUE, tri and tR are again derived according to (12) and (13),
respectively.

VII. SIMULATIONS

This section first describes a simulation setup for an evalua-
tion of the proposed incentive framework. Also existing com-
petitive incentive schemes related to our work are introduced.
Then, we present the simulation results and discuss the gains
with respect to the existing schemes.

A. Simulation Setup

The simulations, performed in MATLAB, are run for
1000 random drops. Within each drop, up to 100 UEs are
uniformly distributed in the simulation area with the size of
500×500 m. The results are then averaged out over all drops.
Without lose of generality, we consider that the BS splits the
available bandwidth among the UEs equally in the simula-
tions. The channel models between the UEs and the BS and
among the individual UEs are in line with 3GPP considering
the outdoor-to-outdoor environment [40]. The simulations are
performed for an urban scenario, where possible obstacles

TABLE I

PARAMETERS AND SETTINGS FOR SIMULATIONS

between any transmitter and any receiver can turn a line of
sight (LoS) communication into a non line of sight (NLoS).
The probability of LoS is determined according to 3GPP
for Urban Macrocell scenario, where the probability of LoS
decreases with the distance between the transmitter and the
receiver [41]. If there is the NLoS communication between any
two nodes, 20 dB is added to the link attenuation representing
an obstacle. As we consider a multicell environment, we model
the inter-cell interference at any receiver randomly according
to Gamma distribution (see [42]). The simulation parameters
are summarized in Table I.

The performance of the proposed framework is demon-
strated for several proposed relaying groups formation
schemes: (i) greedy selection following Algorithm 1, where
only one CUE can exploit single RUE (denoted as “Greedy:
M=1”), (ii) greedy selection where multiple CUEs can exploit
the same RUE (“Greedy: M>1”), (iii) Hungarian algorithm
that is able to find the optimal relaying groups for the single
CUE per RUE case (“Optimal: M=1”), and (iv) optimal
scheme defined in Algorithm 2 for the multi-CUE case
(“Optimal: M>1”). Note that the optimal scheme for the
multi-CUE case is shown only for up to 24 UEs due to its huge
complexity.

The proposed incentive framework is confronted with other
two existing types of the incentive-based schemes for the D2D
relaying. The first type is based on the token/virtual currency
incentives, where the CUEs enhance their capacity while the
RUEs receive tokens or some virtual credits to perform the
relaying as proposed in [19]–[21] (see Introduction section
for more details). We label this type of schemes as “T/VC
incentives”. The second type is based on the social-aware
incentives, where the relaying is done only by friends as
other UEs are not willing to perform the relaying due to
selfish nature of the users, see, e.g., [22], [23]. We label this
type as “SA incentives”. We also show a baseline scheme
without relaying (“No relaying”) demonstrating the relay-
ing gain introduced by our proposal and by competitive
schemes.

B. Simulation Results

The simulation results are divided into three parts:
i) showing the potential maximum capacity gain achieved by
the proposal, ii) analyzing a trade-off between the capacity
gain and the energy consumption reduction, and iii) investi-
gating the performance of our proposal if the gain is shared
fairly among the UEs within the same D2D relaying group,
as derived in Section VI.
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Fig. 5. Performance of the proposal depending on the number of UEs in terms of sum capacity (a) and average energy consumption per UE (b) (ρ = 1).

1) Evaluation of Potential Maximum Capacity Gain: Fig. 5a
illustrates that the sum capacity increases with the number of
UEs as the probability of finding a suitable RUE for each
CUE is generally higher with the more deployed UEs. The
highest sum capacity is always reached by the proposed greedy
algorithm, which allows multiple CUEs to connect to single
RUE (Greedy: M>1). The proposed Greedy: M>1 improves
the sum capacity by up to 156.8%, 132%, and 121.9%
comparing to No relaying, SA incentives, and T/VC incentives,
respectively. The gain of Greedy: M>1 over SA incentives is
due to the fact that more relaying options are available in the
case of the proposed Greedy: M>1. Similarly, the gain with
respect to T/VC incentives is achieved thanks to the proposed
flexible incentive mechanism, where the RUEs give a consent
to the relaying only if the RUEs have an immediate profit (i.e.,
reach a higher capacity in this case). The gain of the proposal
is more significant if the RUE is exploited by multiple CUEs.
However, even the case permitting only one CUE per RUE
(Greedy: M=1) outperforms No relaying, SA incentives, and
T/VC incentives by 47.9%, 33.6%, by 27.8% for 100 UEs.

Fig. 5a also demonstrates that the proposed Greedy algo-
rithm reaches a close-to-optimal performance for both single-
and multi- CUE per RUE cases. The performance gap between
the Optimal and Greedy selection of relays for the single-CUE
case is less than 0.5% (the curves for optimal and greedy
algorithms overlap). Although the performance gap between
the Optimal and Greedy algorithms for the multi-CUE case
increases, this gap is still below 2.4%. These encouraging
results confirm the fact that the greedy algorithms are known
to give a close-to-optimal performance in practical scenarios.

Last, Fig. 5a also investigates the impact of the inaccurate
CSI estimation on the performance of Greedy: M>1 (labeled
as Greedy: M>1 (CSI err.)). Note that the channel gain
estimation error is selected randomly and varies between -
10% and 10% with respect to a real channel gain. Despite
this rather high channel estimation error, the decrease in the
sum capacity is only up to 2.9%. This confirms a robustness of
the proposed scheme against the channel estimation errors and
it validates its suitability even for the practical applications.

Fig. 5b shows the average energy consumption per UE.
The energy consumption decreases with the number of UEs,
as more number of the CUEs exploit the RUEs. The most

significant energy consumption reduction is attained by the
proposed Greedy: M>1 scheme, which enables the energy
consumption reduction by up to 73.1%, 70.3%, and 70.2%
comparing to No relaying, SA incentives, T/VC incentives,
respectively. The reason for such a notable reduction in the
energy consumption is that multiple CUEs can be attached
to the same RUE and, thus, the transmission intervals of
the CUEs are significantly reduced with respect to the other
schemes. Note that the more CUEs are attached to the RUE
the shorter transmission intervals of the CUEs are as a wider
channel bandwidth is utilized by the CUEs and the RUE,
especially for a higher number of the UEs in the cell as the
number of CUEs relaying data via the same RUE increases.
Still, even the simplified proposed scheme Greedy: M=1
reduces the energy consumption by up to 23.3% comparing
to No relaying, up to 15.3% comparing to SA incentives, and
up to 15.1% comparing to T/VC incentives. Note that the
gap between the proposed Optimal and Greedy schemes is
small and the proposed Greedy scheme reduces the energy
consumption by up to 1% (for the single-CUE case) and up
to 6.4% (for the multi-CUE case) less then the optimum.

2) Trade-Off Between Relaying Capacity Gain and Energy
Consumption Reduction: This subsection a sheds light on the
performance of the proposal if a part of the capacity gain
introduced by the proposed relaying is sacrificed in order to
reduce the energy consumption of the UEs via the power
reduction described in Section IV. Note that the results are
for 100 UEs in the system, thus, the performance of Optimal:
M>1 cannot be shown due to its complexity. As expected,
if λ decreases the sum capacity of the proposal decreases as
well, since more capacity gain is transformed to the reduction
in the energy consumption (see Fig. 6a). Hence, for λ = 0,
the proposal performs as if there would be no relaying and
the whole capacity gain is translated to the energy savings.

Fig. 6b illustrates the impact of varying λ on the average
energy consumption of the UEs. The proposal (both for
single- and multi- CUE case) reduces the energy consumption
more significantly for a lower λ. Hence, when compared to
Fig. 5b, the proposed Greedy M>1 algorithm further reduces
the energy consumption from 73.1% to 87.6%, from 70.3% to
86.3%, and from 70.2% to 86.2% with respect to No relaying,
SA incentives, and T/VC incentives, respectively, for λ = 0.
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Fig. 6. Impact of transmission power reduction on sum capacity (a) and average energy consumption of all UEs (b) and energy consumption of CUEs and
RUEs (c) (100 UEs).

Even if Greedy M=1 algorithm is not able to offer such
notable energy savings as Greedy M>1, it still significantly
outperforms No relaying, SA incentives, and T/VC incentives
up to 38.1%, 31.6%, and 31.5%, respectively.

Fig. 6c analyzes the energy savings experienced by the
CUEs and the RUEs separately. The RUEs benefit notably in
terms of the energy consumption reduction if λ is decreased.
More specifically, Greedy: M>1 and Greedy: M=1 reduce
the energy consumption roughly by up to 75.6% and 57.7%,
respectively, comparing to both competitive incentive schemes.
On the contrary, there is no further reduction in the energy
consumption of the CUEs resulting from a decreasing λ. This
is due to the fact that Fig. 6c depicts the case for αi = 1,
∀i, i.e., the CUEs experience no gain in terms of the capacity.
Thus, there is no relaying capacity gain to be sacrificed by the
CUEs as in the case of the RUEs. Still, we observe that the
CUEs significantly lower the energy consumption by 97.1%
with respect to No relaying and by 94.1% with respect to
both SA incentives and T/VC incentives. The reason for such
a huge energy consumption reduction is that the CUEs notably
minimize their transmission intervals if the proposed relaying
is applied.

Now, we demonstrate the energy savings introduced by
the proposed Greedy: M>1 algorithm with respect to all
competitive schemes in Fig. 7. In this figure, we illustrate the
energy savings achieved by the proposed relaying for the case
when the proposed Greedy: M>1 reaches the same capacity as
individual competitive schemes. The proposed Greedy: M>1
performs the same in terms of the capacity as No relaying,
SA incentives, and T/VC incentives for λ = 0, λ = 0.07,
and λ = 0.1, respectively, see Fig. 6a. For these values of
λ, Greedy: M>1 algorithm reduces the energy consumption
of the UEs by 87.6%, 85.9%, and 85.6% comparing to No
relaying, SA incentives, and T/VC incentives, respectively. The
energy saving of only CUEs is 97.1% comparing to No relay-
ing and 94.1% comparing to both incentive schemes. Finally,
the energy savings of the RUEs is 75.6%, 73.7%, and 72.5% in
comparison to No relaying, SA incentives, and T/VC incentives,
respectively. The results above demonstrate that our proposal
is able to significantly decrease the energy consumption while
offering the same capacity as the competitive schemes.

3) Fair Resource Allocation: This subsection studies the
impact of the proposed fair allocation derived in Section VI.

Fig. 7. Energy consumption savings reached by proposed algorithm
Greedy:M>1 with respect to competitive schemes if ρ is set so that indi-
vidual competitive schemes reach the same sum capacity as the proposal
(see Fig. 6a).

We analyze the performance for three allocation cases:
(i) upper bound performance in terms of the sum capacity
(achieved if αi = 1, ∀i); (ii) fair allocation ensuring the same
relative gain for the UEs within the same D2D relaying group,
i.e., αi = β, ∀i, labeled as Fair (relative), and (iii): fair
allocation guaranteeing the same absolute gain, i.e., GCi =
GR, ∀i, labeled as Fair (absolute).

Fig. 8 shows that even the fair allocation introduces a
significant improvement with respect to the existing works.
If the goal is to guarantee the same relative gains for all
CUEs and the RUE within one relaying group, the sum
capacity gain with respect to No relaying, SA incentives, and
T/VC incentives is 149.9%, 125.8%, and 116%, respectively
(Fig. 8a). Even if the same absolute gain is ensured for all
UEs within the relaying group, the proposed scheme is still
superior to the competitive ones and its gain is at least 91.6%
(see Fig. 8a).

From the energy savings perspectives, both fair resource
allocations within the relaying group offer a similar energy
savings as the Upper bound. More specifically, the fair alloca-
tion results in the energy savings equal to 85.2% (if the same
relative gains are ensured) and 82.8% (if the absolute gains
are guaranteed) with respect to T/VC incentives, which is the
best performing competitive scheme. Note that slightly lower
energy savings achieved by the Fair (absolute) comparing to
the Upper bound and the Fair (relative) is a result of the fact
that improving the performance of the poorly performing UEs
by the Fair (absolute) allocation costs too many resources,
which cannot be exploited by the UEs that can use these
resources more efficiently.
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Fig. 8. Analyzes of fair resource allocation of proposed Greedy: M>1 over competitive schemes (100 UEs).

TABLE II

SUMMARY OF KEY NOTATIONS

VIII. CONCLUSION

In this paper, we have proposed a novel incentive framework
for the D2D relaying to motivate the UEs to relay the data
of the cell edge UEs. The UEs are motivated to perform
the relaying via a natural increase in their own capacity
and/or a decrease in the energy spent for communication.
We have proven that the proposed low-complexity greedy
algorithm handling the relay selection for the CUEs is of
a submodular nature giving the worst-case approximation
guarantees to the optimal performance. Furthermore, we have
derived a closed-form expression for the fair allocation of
the resources among the RUE and the CUEs exploiting
this RUE. We have demonstrated that the proposed scheme

reaches a close-to-optimal performance and is able to more
than double the capacity and/or reduce the energy consump-
tion by roughly up to 87% when compared to the existing
incentive-based relaying schemes.

APPENDIX A

1. Proof of Lemma 1

The minimum allowable value for tc (denoted as tmin
c ),

is that for which the capacity of every CUEs relaying through
the same RUE is exactly the same as its original capacity
without the relaying, i.e., αi = 1, ∀i ∈ M. Thus, using (9)
and considering αi = 1, we obtain:

tmin
c =

M∑
i=1

tmin
ci =

K1

K∗
1

ts + · · ·+ KM

K∗
M

ts =
M∑
i=1

Ki

K∗
i

ts, (24)

The maximum value of tc (denoted as tmax
c ) is given when

β = 1, i.e., the CUEs gains an additional capacity while the
RUE is as good as without relaying (i.e., loses no capacity).
The tmax

c is derived from (10) considering β = 1 as:

tmax
c =

M∑
i=1

tci =
(K∗

R −KR)ts
K∗

R

−
M∑
i=1

tri, (25)

From (24) and (25), we derive the operational region of tc as:
M∑
i=1

Ki

K∗
i

ts <
M∑
i=1

tci <
(K∗

R −KR)ts
K∗

R

−
M∑
i=1

tri, (26)

2. Proof of Lemma 2

Let’s assume that any tmin
ci is increased by Δtci so that tci =

tmin
ci + Δtci. Then, the i-th CUE capacity in (7) is increased

by ΔC∗
i = K∗

i Δtci. Simultaneously, the RUE capacity in (8)
is decreased by ΔC∗

R = −K∗
RΔtci−K∗

RΔtri = −K∗
RΔtci−

K∗
i Δtci. We can substitute K∗

RΔtri for K∗
i Δtci as the amount

of data relayed by the RUE on behalf of the i-th CUE is
the same as the data send by the CUE during tci. Thus, any
increase in tmin

ci by Δtci leads to an overall decrease in the
capacity equal to ΔC∗

i +ΔC∗
R = −K∗

RΔtci. As a result, tmin
c

corresponds to the upper bound capacity.
It is easy to see, following the same reasoning as above,

that for any decrease in tmax
c by Δtci, the total capacity is

always increased by K∗
RΔtci. Consequently, allocating tmax

c

to the CUEs corresponds to the lower bound capacity.
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3. Proof of Lemma 3

The maximum gain by the power boost can be calculated
as a ratio of the RUE’s capacity if transmitting with pB

r

(i.e., transmission power if the power boost is applied) to
the case when only pr is utilized (i.e., no power boost).
Consequently, taking (8) into account and assuming that the
RUE transmits over ts −

∑M
i=1 tci time interval, we can

calculate GB in the following way:

GB = Bslog2

(
1 +

pB
r gr,b

Bs (σ0 + Is,0)

)
(ts − tc)

−Bslog2

(
1 +

prgr,b

Bs (σ0 + Is,0)

)
(ts − tc)

= Bslog2

(
Bs (σ0 + Is,0) + pB

r gr,b

Bs (σ0 + Is,0)

)
(ts − tc)

−Bslog2

(
Bs (σ0 + Is,0) + prgr,b

Bs (σ0 + Is,0)

)
(ts − tc)

= Bslog2

(
Bs (σ0 + Is,0) + pB

r gr,b

Bs (σ0 + Is,0) + prgr,b

)
(ts − tc) . (27)

4. Proof of Lemma 4

To determine an allowable range of the transmission power,
we first derive an absolute gain of each particular UE. Specifi-
cally, the absolute gain of the i-th CUE is determined from (5)
and (7) as:

Gi = C∗
i − Ci = Bslog2

(
1 +

pigi,r

Bs (σ0 + Is,0)

)
tci −Kits,

(28)

and, similarly, the absolute gain of the RUE is obtained
from (6) and (8) as:

GR + GB = C∗
R − CR + GB

= Bslog2

(
1 +

prgr,b

Bs (σ0 + Is,0)

)
(ts −

M∑
i=1

tci)

−
M∑
i=1

K∗
i tci −KRts, (29)

Then, (28) and (29) is rearranged in the following way:
λGi + Kits

Bstci
= log2

(
1 +

pigi,r

Bs (σ0 + Is,0)

)
, (30)

λ(GR + GB) +
∑M

i=1 K∗
i tci + KRts

Bs(ts −
∑M

i=1 tci)

= log2

(
1 +

prgr,b

Bs (σ0 + Is,0)

)
, (31)

Finally, from (30) and (31), we express pi and pr as:

pi = κi(2
ρGi+Kits

Bstci − 1), (32)

pr = κR(2
ρ(GR+GB)+KR·ts+

�M
i=1 K∗

i tci

Bs(ts−�M
i=1 tci) − 1), (33)

From (32) and (33), we see that if λ = 0, the CUE/RUE
sacrifice the whole capacity gain in order to reduce the energy
consumption and the CUE and the RUE transmit with the
minimal transmission power. Contrary, if λ = 1, no energy
reduction is achieved and the CUE/RUE does not reduce its
transmission power at all. Thus, the maximal transmission
power is used.

APPENDIX B

1. Proof of Theorem 5

The elements Gp
i,j are independent of each other, since the

D2D pairs have orthogonal resources. Hence, every time a
new pair is added, the gain increases. Furthermore, assume
that the subset of the selected pairs is A and we add the next
pair {i, j}. Assume further another set of the selected D2D
pairs A ⊂ B. Then {i, j} either have the same Gp

i,j value,
or is 0, if that i or j have already been assigned in B. This
satisfies the submodularity requirement [43]. Finally, it is easy
to see that the first set of constraints defines a matroid (max
of one item per row) and the second set is another matroid
(max of one item per column). It is known that a greedy
algorithm yields an approximation ratio of 1

(p+1) , when the
constraints are the intersection of p matroids (or in general,
a p-system independent constraint) [44]. Hence, given that we
have 2 matroids for our problem this gives a 1

3 approximation
for the greedy algorithm.

2. Proof of Lemma 6

The objective is submodular using the similar arguments
as in Theorem 5. As more and more pairs are selected, each
gain Gp

i,j either becomes 0 (the i-th CUE has already been
assigned to an RUE) or is decreased (the j-th RUE has already
been assigned some other CUEs, so the gain for the i being
associated to the j is smaller. The additional condition, that of
Gp

i,j ≥ 0 if the CUE bandwidth, where B and the RUE M ·B,
ensures the objective’s monotonicity, even if the RUE ends
up serving the maximum number (M ) of the CUEs. Finally,
the constraint set is again an intersection of the matroids,
leading to the same approximation ratio as in Theorem 5,
the difference being that the optimal value now cannot be
obtained in polynomial time.

APPENDIX C

1. Proof of Lemma 7

The same relative gain of the CUEs and the RUE is
guaranteed if α1 = α2 = · · · = αM = β. Thus, using (9),
we can write:

K∗
1 tc1

K1ts
=

K∗
2 tc2

K2ts
= · · · = K∗

M tcM

KM ts
= β. (34)

Hence, (20) is easily derived from (34). Then, we determine
tc1. Considering that α1 = β, the following is derived from (9)
and (10) by applying several simple math operation:

K∗
1KR

K1
tc1 = K∗

Rts −K∗
R

M∑
i=1

tci −K∗
R

M∑
i=1

tri. (35)

Taking into account that K∗
R

∑M
i=1 tri =

∑M
i=1 K∗

i tci

(i.e., the RUE retransmits the same amount of the CUEs’ data
as the amount of data transmitted by the CUEs to the RUE)
and substituting all tci in (35) using (20), we can write:

K∗
1KR

K1
tc1 = K∗

Rts −K∗
Rtc1 − K∗

1K∗
R

K1

M∑
i=2

Ki

K∗
i

tc1

−K∗
1 tc1 −

M∑
i=2

K∗
1Ki

K1
tc1. (36)
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Finally, tc1 is derived according to (21). The rest of tci is
calculated from (20) via inserting tc1 obtained in (21).

2. Proof of Lemma 8

The same absolute gain for all UEs is guaranteed when
G1 = · · · = GM = GR, that is, if:

K∗
1 tc1 −K1ts = K∗

M tcM −KM ts = GR (37)

Equation (22) is again derived from (37). Then, analogously
to the case with the same relative gains, we first determine
tc1 and the rest of tci is calculated by (22) afterwards. Thus,
we need to fulfill the following:

K∗
1 tc1 −K1ts = K∗

R

(
ts −

M∑
i=1

(tci + tri)

)
−KRts. (38)

Equation (38) is rewritten exploiting (22) and considering that
K∗

R

∑M
i=1 tri =

∑M
i=1 K∗

i tci as:

K∗
1 tc1 −K1ts

= K∗
R

(
ts − tc1 −

M∑
i=2

K∗
1 tc1 −K1ts + Ki · ts

K∗
i

)

−K∗
1 tc1 −

M∑
i=2

(K∗
1 tc1 −K1ts + Kits)−KRts. (39)

From (39), we finally express tc1 as presented in (23). Subse-
quently, any tci is calculated according to (22).
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